arXiv:1502.07595v2 [math.AG] 23 Dec 2015 


Higher symmetric powers of tautological bundles on Hilbert 
schemes of points on a surface 
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Abstract 

We study general symmetric powers S k L ^ of a tautological bundle L ^ on the Hilbert scheme 
X of n points over a smooth quasi-projective surface X, associated to a line bundle L on A. Let 
Vl be the 0 n -vector bundle on X n defined as the exterior direct sum L EB ■ ■ ■ EB L. We prove that the 
Bridgeland-King-Reid transform €>(S' fc I/^ n ^) of symmetric powers S k L is quasi isomorphic to the last 
term of a finite decreasing filtration on the natural vector bundle S k VL, defined by kernels of operators 
D) , which operate locally as higher order restrictions to pairwise diagonals. We use this description 
and the natural filtration on (S k Vi,) &n induced by the decomposition in direct sum, to obtain, for 
n = 2 or k < 4, a finite decreasing filtration W* on the direct image /x*(<S ,fe L^) for the Hilbert-Chow 
morphism whose graded sheaves we control completely. As a consequence of this structural result, 
we obtain a chain of cohomological consequences, like a spectral sequence abutting to the cohomology 
of symmetric powers S k L^ n \ an effective vanishing theorem for the cohomology of symmetric powers 
S k L 0 T>a twisted by the determinant, in presence of adequate positivity hypothesis on L and A, as 
well as universal formulas for their Euler-Poincare characteristic. 
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Introduction 

Let A' be a smooth complex quasi-projective algebraic surface and let n £ N \ {0}. Denote with X M 
the Hilbert scheme of n points over X and with the tautological bundle on X LI associated to a line 
bundle L over the surface X. The aim of this work is the study of general symmetric powers S k l\ n 1 of the 
tautological bundle with some applications to their cohomology. 

Tautological bundles have proven to be of fundamental importance for the geometry of Hilbert schemes 
of points over a surface X: indeed their Chern classes play a fundamental role in the structure of the 
cohomology ring of the Hilbert scheme X^ and hence of its topology [ Leh99i IEGL011 . Tautological 
bundles on X L! are as well particularly relevant for the geometry of the surface X itself: as an example, 
we can mention Gottsche conjecture on the number of 5-nodal curves in given linear system \L\, whose 
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statement, proofs and new refined versions directly involve the use of the tautological bundle |Got981 
IKSTIHlGSHl . 

The original motivation of this work is the Strange Duality conjecture over the projective plane, and, 
in particular, the understanding of the space of global sections of some particular determinant line bundle 
over the moduli spaces of semistable sheaves of rank 2. The program set up by Danila [DanOOj aimed to 
prove the conjecture on P 2 , for Grotlrendieck classes u (of rank 2, ci = 0, C 2 = n) and v (of rank 0, Ci = d , 
X = 0), by interpolating the moduli space of semistable sheaves M u with a Hilbert scheme of points pj^ 
via moduli spaces of coherent systems (a technique already used in | PHe98j and [LP961 1. The computations 
of global sections H°(M U: D V ) is then reconducted to the understanding of a second quadrant spectral 
sequence whose terms Ef' q involve the cohomology groups 

H q (F [ ™ ] , s ld+p L [m 1 <g> V® d (1) ) 

of symmetric powers of the tautological bundle Lf m 1 associated to the line bundle L = Op 2 (2l — 3) over 
P 2 , twisted by a natural line bundle D^ d ^ over the Hilbert scheme. Here l is an auxiliary integer such 
that to = n + l 2 and that 1(1 — 1) < n < (l + 1 )(l + 2). To finally understand the original space of 
global sections H°(M Ul D v ) two problems remain: the first, the vanishing of the higher cohomology of the 
twisted symmetric powers S ld+p L\ m 1 ®V® d the second, the computation of the dimension of the spaces 

of global sections 7J°(p^ m l, gid+pjfm] ^ pgd ^ The g rs |- problem is solved by a general formula for the 
cohomology of tautological bundles |Dan01| and by an ad-hoc vanishing of the H 1 of the double symmetric 
powers [DanOOl : the second, via representation theory of SL( 3). Global sections for the dual moduli space 
H°(M Vl D u ) have been computed with different techniques [ Dan02l . not involving tautological bundles. 
Eventually, Danila proves the conjecture for d = 1, n < 19, d = 2,3, n < 5 |Dan991 IDanOOl IDan02| . 
However, in the case considered by Danila, that is, X = P 2 and Grothendieck classes u and v as above, the 
Strange Duality conjecture has been recently settled first by Abe jAbelOj . for d= 1,2, using deformations 
of quasi-bundles, and later by Yao | Yual2bl !Yual2a] , for d < 4, using results by Gottsche about Hilbert 
series of determinant line bundles over moduli spaces M u over the projective plane. This last approach 
uses heavily techniques of Nekrasov istanton counting like the ones appeared in |GNY09j . Both approaches 
extend to rational surfaces. 

The work of Danila dealt with cohomology of tautological bundles [DanOOl IDanOl] , vanishing of 
E[ l (fP^\ S 2 ® T>a) for twisted symmetric powers for L and A positive, sections of S 3 L M over p!," 
( DanOO , [Dan02j . symmetric powers S k L M for k < 2 and n < 3 ( Dan04l . and then with sections of general 
tensor powers |Dan07| . In our previous work |Sca05i [Sca061 ISca09bl ISca09ai . among other things, we gave 
formulas for the cohomology of general double symmetric powers S 2 L M and for general exterior powers 
A k L^. Recently, Krug [Krul4l studied general tensor products of tautological bundles giving, among 
others, results for triple tensor products E (8) E ^ <8> E 1 ^ for general n. 

Here we address the case of general symmetric powers S k Lf n 1; we first obtain a general characterization 
of their Bridgeland-King-Reid transform as kernels of some explicit operators over X n ; then, for n < 2 or for 
k < 4 we prove a general structure theorem for their direct images p^S k L\ n ^ for the Hilbert-Chow morphism 
over the symmetric variety S n X. This structure result yields a series of cohomological consequences, among 
which, when X is projective, an effective vanishing theorem for twisted symmetric powers S k L^ <8> Da, 
in presence of adequate positivity hypothesis for L and A and universal formulas for their Euler-Poincare 
characteristic. 

The starting point of our work is the description, given in [Sca05l lSca09al . of the Bridgeland-King- 
Reid transform of a fc-fold tensor power LM g) • • • 0 LM of the tautological bundle L\ n \ Recall that the 
Bridgeland-King-Reid transform [BKR011 lHaiOll lSca05l Sca07lj 

$ : D b (X w ) -► 

is the equivalence of categories between the derived category of the Hilbert scheme of n points over X and 
the 6„-equivariant derived category of the product variety X n built (in this case) as the Fourier-Mukai 
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transform through Haiman isospectral Hilbert scheme B n C X [”1 x X n . The image <I> (£• ) of a tautological 


Cl: 0 


%=i u 


d° r . 


jjj=2 Li 


dl 


©|j|=3 Li 


J l 


where, if I C {1,. .., n} is a nonempty subset, pi : X n ->- X 1 is the projection onto the factors indexed 

by I, ii : X -► X 1 is the diagonal immersion, the sheaf L/ is defined as Lj = and the differentials 

d l L are Cech-like maps (see subsection 1.11. The image of the Axfold tensor power 0>(Z/["1 <gi - - • <g> l\ n 1) is 
not the (derived) tensor power of the images. In IScaOOal we proved that the image g ■ ■ ■ g) l\ n 1) is 

concentrated in degree 0 and that the sheaf p^q*(L^ g> - - ■ <8> l} n 1) can be realized as the E^° term of the 
hyperderived spectral sequence 


E P C q = 0 Tor _,(<£,.••, <£) 

i lH-h ik=P 

associated to the derived tensor product Cl g L ■ ■ ■ g L C' L and abutting to Tor_ p _ g (C*, • • • ,C*). Here the 
symmetric group ©„ acts geometrically on X n while a second symmetric group ©& acts permutating the 
factors in the tensor products iJ" 1 g • • • g L^ n 1. Hence, taking ©fc-invariants, we get a characterization of 
the image «&(S fc Z[ n l) of the symmetric power of tautological bundles as the term (E^) 6k of the spectral 
sequence of ©^.-invariants (El’ q ) 6k . On the other hand, the bi-invariants (£W ) )® r,xSfc are quasi-isomorphic 
to the derived direct image Rp^S k L^ ~ qls p it S k L\ n 1 of symmetric powers S k l} n 1 by the Hilbert-Chow 

morphism p : X^ -«- S n X. Both spectral sequences (E^’ q ) 6k and (. E p ’ q ) enX<Sk are still combinatorially 

difficult to treat. However, the sheaves p if q*S k L\ n 1 and p*S k L^ satisfy the following important extension 
property. Let W be the closed subscheme of points in X n lying in the intersection of two or more distinct 

pairwise diagonals A^; let moreover tt : X n -*- S n X be the quotient projection. The sheaves p*q*S k L^ 

and p^S k L^ n 1 satisfy 


j*j*p*q*S k LW ~ p, q *S k LW (0.1) 

j*j*p*S k LW ~ p*S k LW ( 0 . 2 ) 


where j denotes the open immersion X n \ W c —► X n (in the first isomorphism) and the open immersion 
S n X \ 7r(W) -► S n X (in the second). Isomorphisms (0.11 and (0.2) suggest that one can extract all 


information about the sheaves p*q*S k L^ and p*S k L M from their restrictions to the open sets X := 
X n \ W and S n X ** = S n X \ W, respectively. 

We consequently look at the restrictions j*(Ef’ q ) 6k and j* (£^’ ,9 )®’ lX ® fc of the spectral sequences of 
©fc-invariants and of bi-invariants to the open sets X and S n X** respectively. In the analogous case of 
exterior powers, studied in |Sca09a| . the spectral sequence governing the problem was the spectral sequence 
of ©„-invariants and ©fc-anti-invariants (Ef’ q g £fc) s " xS ' E — e k being here the alternating representation 
of the symmetric group ©fc — and its restriction to degenerated at level E 2 . In the present case of 

symmetric powers, the spectral sequences j*(E p ' q )f 7lXtSk does not degenerate at level E 2 , but only at level 
Ek', the spectral sequence j*(Ef’ q ) 6k degenerates surprisingly at level E k in the same way. Despite the 
degeneration occurs only later, the degeneration pattern is clear: the only surviving terms at level E\ are 
j*(E°’°) Gk and j*(E l 1 ’ 1 ~ l ) <Sk for 0 < i < k — 1: therefore the kernels of the (restricted) higher differentials 


d r : j*{E°’°) ek - * j*(E r r ’ 1 ~ r ) 6k ~ j*(E r { 1 ~ r f k 


(0.3) 


define a hltration 

ker C ker ci fc " 2 C • • • C kerd 1 C j*S k C° L 

of the vector bundle j* S k C^ over the open set X"* with graded sheaves j*(E\’ 
is nothing but the restriction to the open set A'"* of the natural filtration 


-i \s 


)® fc . The hltration (0.3) 


(. E° k ’°) 6k C {E° k ’° 1 ) 6k C • • • C (E°’°) ek = S k C° L . 


(0.4) 
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The sheaves (E®’°) 6k satisfy an extension property similar to (0.1); however, the functor j* is not right 


exact: consequently there is no way we can get information on the graded sheaves of the filtration (0.4) 
from the graded sheaves j*(E\’ 1 ~ % ) 6h of filtration (0.3). 


In front of this difficulty, we performed a detailed analysis of the higher differentials d l of the restricted 
spectral sequence j*(Ef’ q ) ek . As a result of this study, we found recursively defined operators 


Dl : S k C l 


D't : ker£> 


kn 0 
U L 

l-l 


=■ K°(L) 

U*fE[ +h - l ) 6k =■ K\L) 


over the whole variety X n such that their restrictions to the open set A A are the higher differentials d l : 

fD l L = d l . 

The operators D l L are built globally over X n by glueing local operators D l L defined via partial jet- 
projections: we provide explicit local formulas for them, inspired by finite difference calculus. Thanks 
to the operators D l L we can state the first result of this work. Denote with E l (n, k ) the subsheaf of S k Cl 
defined by the kernel of D 1 ^ 1 over X n . Then we have 


Theorem 


3.34 


The Bridgeland-King-Reid transform &(S k L^) of the k-symmetric power S k L^ n 1 of the 
tautological bundle associated to the line bundle L over the surface X is quasi-isomorphic to the term 
E k ~ 1 (n, k) of the filtration E*(n, k ) on the vector bundle S k C° L : 


k -2 


$(S' fe i>]) ~E k ~ l {n,k) ~kerD L . 

In particular, for A' = C 2 or an affine surface, we get a characterization of the image 4?(C>^) as the 
subsheaf of sections of the (trivial) sheaf S k Ch x = ©Aec n (fc)^ x " (where c n {k) is the set of compositions 
of k supported in {!,..., n}) satisfying an explicit system of higher order restrictions , that is, restrictions 


of higher derivatives (see corollary 3.37) to pairwise diagonals. Similarly, we have a characterization of 
p*S k L^ in terms of kernels of invariant operators V l L := (D l L ) 6n . We obtain, moreover, explicit local 
formulas for the invariant operators V l L over S n X: these formulas will be useful later, when proving the 
main structure theorem. The appearence of higher order restrictions of the kind of D l L is natural when in 
presence of nontransverse intersections: in our context the occurrence of the operators D l L witness the fact 
that the irreducible components of Haiman polygraph D(n , k) C A" x X k are not transverse. The operators 


3.34 


D l L are essentially the ©/.-invariant version of the operators tpi in Krug’s work | IKrul4| and theorem 
can be compared to ( Krul4l theorem 4.10]. However, the way these operators are founcQis completely 


different (see remark 3.38). 

Since the filtration E*(n,k) and its 6„-invariant version £*(n,k) := E'(n,k) e,n can’t be directly 
used to get informations about the sheaves p*q*S k L M and p*S k L^ n 1, respectively, due to the difficulty 
in understanding their graded sheaves, we are lead to introduce a second filtration W* on the invariants 
( S k Cl) 6rl as follows. The vector bundle S k Cl is isomorphic to the direct sum 

S k C° L = © A6 Cnik) L X 

over compositions A of k supported in {1,... ,n} - of line bundles L x := p*L® Xi \ consequently, 

the ©^-invariants (S ,fc C°)®" of the vector bundle £ fc C° split as a direct sum 


(S k Cl) b - = © Ae 


c x 


Pn(k) 

over partitions A of k of length at most n — of sheaves C x := 7r*(L A ) Stabe '*( A ) of Stabe„ (A)-invariants 
of the sheaves n*L x over S n A. Hence, to each total order A on the set of partitions p n (k ), we can associate 
a natural filtration V* on {S k Cl) <5n defined as 

= © A ep„(fc)-£ A • 

a 


1 The operators D l L , their local formulas and theorem |3. 34 are known to us since late 2009; some of their consequences - 
since soon later (mid-2010) |Scal0j . 


for example theorem 4.35 
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Consider for the moment the reverse lexicographic order < r i ex on the set of partitions p n (k) and let V* the 
associated filtration. Then we can define the filtration W* on p*S k LfA as 

W := V* n£ fc-1 (n, fc) . 


The filtration W* has the great advantage that we can try to guess what are the graded sheaves gr^, at 
least for k < 4. It turns out that (at least for small k) the graded sheaves are subsheaves of the sheaves 
C p whose sections vanish with a prescribed order along some prescribed partial diagonals. More precisely, 
define the sheaf £ p (—lA) as the sheaf 


C^(-IA) = ® n 1 < <<J -< I(/i) 4 1J ) stabe » w 

where here l{p) is the length of the partition p and I& is the ideal sheaf of the pairwise diagonal Ay in 
X n . The main result of this work is the following structure theorem 

Theorem |4T30p35pT43t Let n € N*, k £ N, such that n < 2 or k < 4. Then the graded sheaves of 
the filtration W* on the sheaf p*S k L^ n \ indexed by partitions p n (k), equipped with the reverse lexicographic 
order, are given by 

gr ™ p*S k LW ~ £^-2m,A) , 
where := 0 if l(p) = 1, otherwise m^ := min 2<i<i(n) A H- 

The proof of theorems |4.30||4.35|4.43| consists in the construction of natural left exact sequences 

0-- W 1 ' -- -- £ m (-2to ai A) 


which are proven to actually be right exact by an ad-hoc verification. Here p’ is the partition following p 
in the reverse lexicographic order. 

Even if theorem \4-30fJ735^4. 4 3\ has been proven by ad-hoc methods, it seems that its content might be 
carried on to the general case , possibly modifying the definitions of some of the objects involved. First, 
the reverse lexicographic order has to be replaced by another total order on the set of partitions p n (k ): 
the new order A has to take into account the length of a partition in the first place and coincides with the 
reverse lexicographic order between partitions of the same length. Secondly, it might be that we have to 
consider subsheaves of the sheaves whose sections vanish with different prescribed order along different 
prescribed pairwise diagonals. Our first guess are the sheaves £ p (—2pA), defined as 

C»(-2pA) := <8 n 1 < i<j < ;(/ , ) /^) stabe " (A) . 


Several cases worked out for k > 5 confirm these facts. It is likely that a structure theorem of the kind 
of 4.30||4.35|4.43| hold for general tensor powers or even general tensor products of tautological bundles. 
Indeed, the analogue of filtration E*(n , k) can be defined for general tensor products of tautological bundles, 
as kernels of operators <pn in Krug’s work |Krul4| . As for the filtration V*, there should be a natural way 
of extending it in the case of tensor product of tautological bundles, and maybe even in the case of general 
tensor products. We will discuss more in detail a possible extension to the general case in subsection |4.4| 

Everything we said extends to the case in which symmetric powers S k L^ are twisted by the natural 
line bundle T>a = p*{A Kl • • • Kl A/6 n ), defined as the pull back over X M of the descent over S n X of the 
line bundle A IEI • • • IEI A (n-factors) on X n . For brevity’s sake we will denote the descent A IS] • • • IS] A/& n 
also with T>a- 

Theorem |4.30f4~35]|4.43| implies a chain of cohomological consequences. First, we can compute — for 
n < 2 or for k < 4 — the cohomology of twisted symmetric powers S k L^ n 1 (g> T>a via the spectral sequence 
of a filtered sheaf 


E P. q = H' p+q {S n X,cA'P)(-2m^ p) A)®D A ) => H p+q {X^ n \ S k L^ ® v A ) 

where p(p) is the (p+ l)-th partition in p„fk) according to reverse lexicographic order. Secondly, when X is 
projective, we can work out an effective vanishing theorem for the higher cohomology H p (X^ n 1, S k L^A^X>A), 
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in presence of adequate positivity hypothesis on L and A. The key notion here is that of an l-very ample 
line bundle and the fact that if L is n-very ample on X , then the determinant detl/ n ] of the associated 
tautological bundle Z/ n l is very ample on X ^ [ BS9lt ICGQOj . This fact is sufficient to make the higher 
cohomology of most graded sheaves grj/ 1 vanish via Kodaira theorem; still for one of them, the sheaf 
£ 2 ’i’i(_2A) ® T>a, we need to work over the isospectral Hilbert scheme B 3 of three points over X and 
use that B 3 has canonical singularities [Scal5b| before concluding with Kodaira vanishing. The effective 
vanishing result reads precisely 

Theorem |5.15[ Let X be a smooth complex projective surface. Let L, A be line bundles on X such that 
L is nef and A ® is big and nef. Let n € N* * and k € N, with n < 2 or k < 4. Then 

H\X [n \S k L [n] ® D a ) = 0 for all i > 0 


if L® A<& oj A - 1 = Bj when n = 2, if L ® A ® w-^- 1 = when k = 3, if L<& A® w x ' = 

when k = 4, where Bj are very ample line bundles on X. 


A variant of this result for n = 2 (theorem 5.161 just requires that L and A ® are both tensor 
product of two very ample line bundles. Finally, for X projective and for n = 2 or for k < 4 we give general 
universal formulas for the Euler-Poincare characteristic S k L^A ® T> \) of twisted symmetric powers 

in terms of Euler-Poincare characteristics of L, A, S flx,u)x and some tensor product of these over X. 
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work, for fruitful talks, and, finally, for providing example |5.4| I would also like to thank Lei Song for 
pointing out several missprints and imprecisions in the first version of this paper. This work was partially 
supported by CNPq, grant 307795/2012-8. 


1 The geometric setup 

Let A be a smooth quasi-projective surface. We will indicate with X n the cartesian product of n copies 
of X; let G be the symmetric group G := ©„; it acts on X n with quotient the symmetric variety S n X: 

let 7r : X n -► S n X be the quotient projection. Let X M be the Hilbert scheme of n points on X: the 

Hilbert-Chow morphism p, : X^ -<- S n A, defined as = J2xgx (length 0^ }X )x, realizes X I n l as a 

semismall crepant resolution of the singularities of S n X. Haiman (HaiOll introduced the isospectral Hilbert 
scheme B n , that is, the reduced fibered product (Al”l Xs^x Ai”) re( j: let p and q its projections onto X n 
and X [ n l, respectively. In the diagram 


B r 


X^ 


X 71 


S n X 


p and /i are birational, q and n are finite, q is flat. The Bridgeland-King-Reid transform |BKR011 IHaiOll 

ISca071 ISca09al 

* := : = R P* ° : D b (AW) -* D b G (X n ) 

is an equivalence of derived categories from the bounded derived category of coherent sheaves on X M to 
the bounded derived category of ©„-equivariant coherent sheaves over X n . 
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1.1 Tautological bundles and their images under the Bridgeland-King-Reid 
transform 

Consider now the universal subscheme 3 C x A of the Hilbert scheme X . If L is a vector bundle 
on A', the tautological bundle L\ n 1 over Al is defined as: 

L [n] ~Pxm*(Os®o x L) , 

where PxH is the projection over the Hilbert scheme X M. Since the subscheme 5 is flat and Hnite over 
X of degree n, it turns out that ZJ"! is a vector bundle of rank nrkL on X I”!. 

Notation 1.1. Let / C {1,..., n}, 7^0. Denote with pj : X n ->- X 1 the projection onto the factors 

in 7, let : X -► X 1 the diagonal immersion of X into X 1 . If F is a coherent sheaf on A', we indicate 

with Fj the sheaf on A” defined as Fj := pj(ij)*L. If |/| > 2, we indicate with A/ the inverse image by 
pj of the total (small) diagonal in X 1 . Note that in this case Fj is supported on A/. If n = 2 we will also 
denote the diagonal in A 2 and S 2 X just with A. 

For a vector bundle Lon A, define now the complex on A" in the following way: 

C P L ■= ® £/> 9 p l {x)j = J2 £ i,JXj\{i} \ Aj , 

|/|= P +i ieJ 

where e^j = (—l)#Ii£ J I !<*}. 

Remark 1.2. The complex C* is naturally G-equi variant, in the following way. If a € G, denote with <r* 
the automorphism cr* £ Aut(A”) defined as: cr*(:ri,..., x n ) := (av-i(i),..., x a -it n ))- We have cr*(L/) = 
L a (j) for all 0 / J C {l,...,n}. The G-linearization on := ®\i\ =p +iLj can then be defined setting 
(cr.x)j := £o-,jcr t x a -i(jp where (x/)j is a local section of C P L and where e CTi j is the signature of the only 
permutation r such that a~ 1 r is strictly increasing. 

The main result about the Bridgeland-King-Reid transform of a tautological bundle is the following. 

Theorem 1.3 ('| ISca09aj h Let X be a smooth quasi-projective algebraic surface and L be a vector bundle 
on X. Let L^ be the tautological bundle on the Hilbert scheme A^l associated to L. Then the image of 
the tautological bundle L^ n 1 for the Bridgeland-King-Reid equivalence $ is isomorphic in Dg,(A n ) to the 
complex (C*, <9* ): 

This result holds as well for tautological sheaves [Scaf)9b| . As for the Bridgeland-King-Reid transform 
of a tensor product of tautological bundles €>(4^ <g> • ■ ■ (g> L [4i for vector bundles Lj ,..., Lk on A, of 
course one can’t hope that it would be quasi-isomorphic to the (derived) tensor product C* i (g> L • • ■ ® L C* Lk 
of the images. However, a precise comparison can be established in terms of a natural morphism 

a:C' Li ® L ---® L C Lk —* $(4 n] ®---®4 nl ) 

in Dq(X"). It turns out that the mapping cone of a is acyclic in positive degree: this is equivalent to 
saying that the complex ‘&(4”^ ® • • • <g>44 is cohomologically concentrated in degree 0, or, in other words, 
that the higher direct images R l p*q*(L ^ (g) • • • (g) 44 vanish for i > 0. Moreover, in degree zero, the 
natural morphism a provides an epimorphism p*q*L^ (g) • ■ ■ (g) p*q*L^ —«-«- p*g*(L^ (g) ■ • • (g) 44 whose 
kernel is the torsion subsheaf. As a consequence of these facts one can extract the information of the sheaf 
p*q*(L^ (g> ■ • • (g> 44 — "H°(3K4^ <8> ■ ■ ■ <8> 44 ) as the term of the G-equivariant spectral sequence 

E{' q = ® Tor 

ill-Mk=P 

abutting to W >+q (C' Li ® L ■ ■ ■ ® L C * Lk ). If Li = L for alH = 1,..., k, the fc-fold tensor products L (g)... (g) L 
and C* L (& L ■ ■ ■ C* both acquire an action of the symmetric group - which operates permutating the 
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factors - in such a way that the morphism a becomes S^-equivariant. From now on we will denote with H 
the symmetric group ©*. The corresponding spectral sequence E k ' q is in this case naturally H-equivariant, 
and hence G x LZ-equi variant. Details on how to equip the derived tensor product C* ■ • • 0 L C* and 
his associated spectral sequence Ef’ q with a H- action appeared in [Sca09aj . section 4.1, and will be briefly 
recalled later. As a consequence of the G x LZ-equivariance discussed here, we have Scal)9a . Corollary 
4.1.3]: 

Corollary 1.4. The Bridgeland-King-Reid transform 4?( S k L M) of the symmetric power S k Lf n I of a tau¬ 
tological bundle is quasi-isomorphic to the term (E^) H of the spectral sequence (Ef’ q ) H . Moreover, the 
direct image /i*S k L^ of the symmetric power S k L^ for the Hilbert-Chow morphism can be identified with 
the term (E^) GxH of the spectral sequence (Ef’ q ) GxH . 


Convention 1.5. Let A a C-algebra and M an A-module. For n £ N\{0}, consider the symmetric power 
S n M of the module M. We consider S n M as the space of ©„-invariants of M® n for the action of 6„ 
permutating the factors in the tensor product. Throughout this article, we will use the following convention 
for the symmetric product u\. ■ • • .u n of elements Ui £ M: 


u 1 - 


CrE&n 


M 1 ) 


0 • • • 0 U a 


where the right hand side is seen in M®' 
in subsection 


= Pi)® 


3.6 


In this way the explicit formulas for invariant operators 
and following, will be simpler and will not depend on n. We use an 
analogous convention for the exterior product: u± A • ■ • A u n := XXee (~ ^) au cr(i) 0 ■ ■ ■ <8> u<j(n)i where 
(—\) a is the signature of the of permutation a and where we see A n M as the space of anti-invariants for 
the action of 6„ over M® n . 


1.2 Reduction to a big open set 


Consider the closed subscheme 


IT := (J A/D A/ 


m=ic=2 

w 


of X n : its irreducible components are smooth of codimension 4. Define now the open sets XS n X**, 
Xt\ BZ oiX n , S n X , IW, B n , respectively, as: 

X^:=X n \W, S n X„ = S n X \ n(W) , X& ] = ^(S^X) , B^=p-\X^) (1.1) 


We will indicate just with j the open immersion of each of these open sets into X n , S n X, X^ n \ B n , 
respectively. The open sets X"* and S n X** are complementary of closed subschemes of codimension 4, 
while Xll ] and Bf* are complementary of closed subschemes of codimension 2. Like any vector bundle on 
Xl"l, the symmetric power S k L\ n 1 satisfies the property |Sca09al Lemma 3.1.4]: p t S k L^ = j*j*iu*S k L^ 
and, with a similar proof, because of the vanishing R l p*q*S k ZJ"! = 0 if i > 0, it satisfies: 

~ qis j^j*p^q*S k L^ ( 1 . 2 ) 


as well. Consequently we can try to extract all the information about <§>(S k l\ n 1) and /i*S k L^ work¬ 
ing over the big open sets (1.1). More precisely, we have &(S k L^) ~ qls (j*j*E° C °) H and p*S k L^ ~ 
(j*j*E%i°) GxH ■ I 11 other words, the image p*q*S k L^ can be seen as a recursive kernel of operators: 


D 1 - 1 := {jJ) H : ker(j.d'- 1 ) ff -- - 

where d l : (j*E^’°) H -*- (j*E l l ' 1 ~ l ) H are differentials of the spectral sequence (j*Ef' q ) H , at level l. In 

the next sections we are going to prove that the spectral sequence (j*E^’ q ) H degenerates at level k and we 
will explicitely compute the operators D l . As a consequence we will get: 


<f>(S k LW) ~ qzs j*j*p*q*S k LW ~ ker D k ~ 2 


and a similar formula for p*S k L\ n f To end this section, we rewrite the terms j*j*E 1 f’ q in a simpler way. 












Notation 1.6. Let V := {I | 0 ^ I C {1,..., n}}. For each a £ we will indicate with A(a) the 

multi-index A(a ) := Uj| | a (i )|>2 o,(i), k(a) := max{0,2(|A(a)| — 1)}, 1(a) = (X]i=i l a (*)l) — & and J(a) = 
Ui | |o(i)|=i “(*)• We finally set So (a) := a _1 (A(a)) and A (a) : J(a) ——the function defined by : 
A j(a) = |a _1 ({ji})| for all j £ J(a). If there is no confusion, we will just write A, J, So, A. 

With these notations E\' q can be rewritten as 

Ef’ q = (J) Tor_ g (L a ( 1 ),..., L a (fc)) . 

a£V {1 . k} 

l{a)=p 

Define now T p as X p = {a £ pA,-M^ £( a ) — p ) fc( a ) < 2}, and (E^' q ) 0 as the G x IL-equivariant subsheaf 
of E^’ q given by (see also [Sca09a , Remark 3.1.8]): 

(E {' q )o := 0 lbr_,(L o(1)j ... > i o(fc) ) . (1.3) 

ae iv 

It turns out that (Ef ’ q )o vanishes if q < 2(1 — p) and if p > k. Moreover, since it is a vector bundle 
or a direct sum of restrictions of vector bundes over pairwise diagonals, and hence pure Cohen-Macauley 
coherent sheaf of codimension < 2, we have ]Sca09a[ Remark 3.1.8, Lemma 3.1.10]: 

* (E{' q ) o. 

Remark 1.7. As a consequence of what just said, in order to prove that the spectral sequence (j*E^’ q ) H 
degenerates at level k, it is sufficient to prove that (Ef' q )Q 0 if and only if (p, q ) = (0, 0) or if q = 1 — p 
and 2 — k < q < 0. 


2 Degeneration of the spectral sequence 


In this section we will prove the degeneration of the spectral sequences (j*E^’ q ) H 
proving the vanishing of terms (£’f’ 9 )^ and (Ef’ q )^ xH as explained in remark 


1.7 


subsections we study the set X p , parametrizing the terms in the direct sum (1.31, as 


and (j*E\’ q ) GxH by 
In the following two 
G x H- set. 


2.1 Multi-indexes 

Notation 2.1. Let h £ N, h < n. We indicate with c n (h) := {A : {1,..., n) -► {0,..., h} \ ■ A,; = h} 

the set of compositions of h of range n. If A € c n (h), we denote with suppA its support as a function, 
that is suppA := {* £ {1,... ,n} \ A i ^ 0}. If A is a composition of some h of range n we also say that 
h = 5Zr=i weight, and we denote it with |A|. 

If A £ c n (l), for brevity’s sake, we will sometimes write A multiplicatively as A = ffLi we w^l refer 
to this notation as the multiplicative notatior ^ for compositions. If A, p are two compositions, the function 
A + p, as a composition, is written as the product A/i in the multiplicative notation. 

Notation 2.2. Let m £ N. We denote with p(m) the set of partitions of to. Set p( 0) = {0}. We will write 
the length of a partition A as l( A). Denote with pt(m ) the set of partitions A of to of lenght 1(A) < t. Any 
partition p n (m) can be seen naturally in c n (m) as a composition of to of range n , by setting A j = 0 for 
1(A) < i < n. The weight of a partition is the weight of the corresponding composition. 

Remark 2.3. The G x iJ-action on the set of indexes pA’ -A} i s given by (a,r).a := craT~ l and yields 
naturally a G x R-action on the sets I 1 . 

Remark 2.4. The group G acts naturally on compositions c n (h) setting cr.A := Aocr -1 . Therefore, in the 
orbit of a composition p in c n (h) there is a unique partition v(p) £ p n (h) of length | supp/i|. We denote 
this partition with is(p): it is an invariant of the G-orbit of p. 

2 This has nothing to do with the exponential notation of partitions. The exponential notation will be recalled in notation 
13.551 and used in subsection 13.6.41 
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Denote now, for r £ N, r < n, with *p n (r) = Uo< m < r PnWi that is, the set of partitions of natural 
numbers lower or equal than r and of length lower or equal to n. Moreover, denote with Q = {/ C 
{1,..., n} | |/| < 2}. There is a natural G-action on the set Q, induced by the G-action on {1,..., n}. 

Notation 2.5. If A € c n (h) and A C {1, ...,n}, we indicate with A^ the restriction A|^ : 

A -► {0, Sometimes (it will be clear from the context) A^ will also denote the extension of 

A |^4 to the whole {1,..., n} with zero. 

Remark 2.6. Define the map ipi : I 1 -*- c n (k — l) x Q as i fit (a) = (A(a), A(a)) where A(a) is thought 

as a function: {1,..., n} -► {0 ,... ,k — 1} by extending it with zero outside J(a). Moreover define the 

map r)i : c n (k-l) x Q -► y$ n (k-l) x^ n {k-l) as rn(/i, B) = {v{h\ b ),v{iAb))i where v(n\ B ) and v(fi\ B ) 

are the partitions in the G-orbits of the compositions y\ B and y\ Bl respectively. Let, finally, ipi be the 
composition ipi := iji oipi. We have the commutative diagram: 



<P„(fc-0 xy n (k-l) 

The following facts are easy to establish and hence the proof is left to the reader. 

• i[)i is //-invariant and G-equivariant, rji is G-invariant and hence tpi is G x //-invariant, where c n (k — 
l) x Q is naturally seen as G-sets, since products of G-sets; 

• The image Z3(fc, l) := imipi is characterized by elements (A, A) such that |Al| = min{2, 2/}; the quotient 

map: : I 1 /H -► B(k,l ) is a bijection; 

• The image A{k,l ) := im ipi is characterized by elements (A,/i) such that 

1. |A| + H =k-l; 

2. l( A) < min{2, 21}. 

Moreover the induced quotient map: (pi :I l /G x H -► A(k,l) is a bijection. 

Notation 2.7. If a G I 1 , it will be useful to set t(a) := |Al(a) D J(a)|; we will just write t when there is no 
risk of confusion. It is an invariant of the G x H -orbit of a. Moreover, denote as va{o) and ^(a) — or 
with i/ a, when there is no risk of confusion — the partitions (a)|^ a )) and i/(A(a)|^y), respectively, 
defined by tpi(a). 


2.2 Stabilizers 


Remark 2.8. Let A and B be two non empty finite sets, and let f : A -► B be a map. We will indicate 

with the equivalence relation defined by x y <*=> f(x) = f(y) and with {5i(/)}i the associated 
partition. It defines a partition v(f) of |Al| of length \f(A)\. 


Notation 2.9. If A C {l,...,n} (resp. A C {1,...,/:}) we will indicate with G{A) (resp. H(A)) the 
subgroup of G (resp. of H) consisting of permutations fixing the complementary of A in {1,..., n} (resp. 
in {1,..., /c}). The groups G{A ) (resp. H(A)) will also be identified with the symmetric group of A. 


Notation 2.10. Let a € l < k, let A(a) and J{a) its associated multi-indexes and let A(a) its associated 
composition. Let now R C J(a). As explained in the notation above, A r(o) as the restriction of A(a) to R. 
Let Si(X B (a)), % = 1,..., s be the associated partition of R, defined by the equivalence relation ~^ R , defined 
in remark 2.8 Define now the subgroup M R (a) of Aut(J(a)) as being M R (a ) := IIi=i Arit( < S'i(A J R(a.))). 
Define, moreover, the subgroup H R (a ) of H as: H R {a) :=UreR H ( a HW))- 
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Notation 2.11. We naturally identify the group Aut(J(a)) with the subgroup G(J(a)) of G. Let now 
a £ M J ( a \a): this means that, for all j £ J(a), |a _1 ({j})| = |a _1 ({cr(j)})|. There is now a unique way of 
lifting a to a permutation a £ Aut{l,..., k} by imposing that a sends a _1 ({j}) to a^ 1 ({cr(j)}) in such a 

way that : a _1 ({j}) -*■ a _1 ({cr(j)}) is strictly increasing. In this way we get a monomorphism 

of groups c —► Aut{l, ... ,k} = H sending cr to a. If, moreover, R C J(a), we can lift a G M R (a ) 

to a a G H via the composition M R (a) c —► M J ^ a \a) c —► H. Consider now the monomorphisnr: 


M R {a) 

cr 


G x H 
(cr, a) 


where a is the lifting of cr to H. The image of (2.1) is denoted with A R (a). 


( 2 . 1 ) 


Lemma 2.12. Consider the groups H R (a) and A R (a). Then, if t = (r, f) G A R (a) and a = J| rgi? oy ^ 
H R (a), we have in G x H: 

t ■ cr = (fayr -1 ) • t G H R (a) ■ t (2.2) 

rGi? 

.As a consequence, H R (a) is normal in (A R (a),H R (a)) and hence (A R (a),H R (a)) ~ A^(a) k H R (a). 


Proof. We have, just formally: fcr = (r, f)cr = (r, fcr) = (r, ftrf 1 f) = (l,fcrf 1 )(r, f) = fcrr 1 r. 
Moreover: 


f trf 1 = fay 


r f 1 = fuif 1 f • ■ 


•f 1 fa r 


i—l 


r-efl 


Now, for each r £ R, foyf 1 is in H(o 1 (r(r))) C H R (a), by definition of f and H R (a). □ 

Remark 2.13. Let a £ I 1 and let R C J(a). We will indicate with D a (R) the semidirect product 
D a (R) := A R (a) x H R (a). Remark that if A,;(a) ^ A ,[a) for all i j £ R, then D a (R ) ~ H R (a), since 
any Si(Xn(a)) consists of just one element and therefore M R {a) ~ {1}. 

In what follows we write for brevity’s sake Sq, A and J, instead of So(a), A(a) and J(a). 

Proposition 2.14. Let a £ I 1 . The stabilizers of a in G x H and in H are 

Stab Gx ff (a) - G(AUJ) x G(A \ J) x H(S 0 ) x _D a (A n J) x D a (J \ A) , 

Stabjj(a) ~ H{S 0 ) x H J (a) ~ R(S 0 ) x H AnJ {a) x H J \ A {a) , 

respectively. If l = 0 formulas make sense setting So = 0 and ©(0) = {1}. 

Proof. An element (cr, r) is in Stab< 3 X #(a) if and only if aa = ar. Since the sets A, J and, consequently, 
All J, A\J, J\A, All J are fixed by cr, it follows that 

cr = aya^oyay g G(A \ J) x G(A n J) x G( J \ A) x G(A U J) 


Since ay, ay are already in Stabcxff(a), then we have: a'a = ar, where cr' = 0203 G G(An J) x G{J\A) C 
Aut(J). Suppose that a(i) = j, with i,j £ J such that {*, j} C A n J or {i,j} C J \ A. Then one has to 
have r(a~ 1 (i)) = a _ 1 (j) which implies A i(a) = Xj(a). Since we can argue like this for all i,j moved by t, 
we can always write r as: r = d^T^d^T 1 where (t / ,T 2 ,T 3 ) G H(Sq) x H A \ J (a) x H J ' A (a). This proves 
the first statement. The second follows immediately from Stabjj(a) = Stab gxh{cl) n {1} x H. □ 


2.3 Invariants 


1.7 


this 


In this subsection we will compute invariants (Ef’ q )Q and (Ef’ q ) GxH . As a consequence of remark 
will prove that the spectral sequence ( j*E\’ q ) H - and hence (j*Ef’ q ) GxH - degenerates at level k. From 
now on L will always denote a line bundle over the surface X. To understand the comprehensive G x H 
action on the terms 

(E^’ q )o := (J) Tor_ g (L a ( 1 ),..., L a ^) , 
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induced by the G x H -action on the spectral sequence E p ’ q , we have to be careful to take into account that 
the sheaves L a (q are direct summands of the terms 1 of the complex C*: now, not only the complex 

C* is G-equivariant, but there is a H-action on the derived tensor product C* ® L ■ ■ ■ C*. These facts 
induce additional signs which have been thouroughly studied in [Sca09a, sections 4.1, 4.2, Appendix B] 
and which we will explicit in the sequel. 

Remark 2.15. Let A C {1,..., n}, \A\ = 2. In what follows we will frequently make the identification 
X n ~ X A x X A . More precisely, let a a be the unique permutation of {1,..., n} carrying A onto {1,2} and 
such that its restrictions to A and A preserve the order. The identification X n ~ X A x X A is nothing but 

the automorphism (a a)* '■ X n -► X n induced by the permutation cr a- In the sequel the phrase “in the 

identification X n ~ X A x X A ” will mean “modulo the automorphism (a a)* ” • Moreover, when using the 
identification, functions defined over A and A will, in the identification, be thought as functions defined 
over {1,2} and {3, ...,n}, respectively; permutations in ©(A) and ©(A) wil be thought as permutations 
in © 2 , ©({3,..., n}), respectively. 

Denote first of all with F q (a) the multitor Tor- 9 (L a (i), • • •, L a (fc))- Let now (A, A) i-«- a(A, A) and 

(v,p) I-► a(//, i/) fixed sections of the quotient surjections X 1 ->- B(k, l) and I 1 i-*- A(k, l), respectively. 

Danila’s lemma |Dan01l Lemma 2.2] for the H- and G x R-actions, respectively, on (E p,q )o can be rephrased 
by saying: 

0 F q (a(X, A)) Stab/f (°( A A)) (2.3) 

(A ,A)eB(k,l) 

® (tt(2.4) 

It will be then sufficient to understand the action of the stabilizers Stab// (a) and Stab< 2 xif (&) on the terms 
F q (a) and n*F q (a), respectively. More explicitely 

F^(a) := Tor_ q (L A , • • • , L A ) 0 0 0 (a) 0 0 0 (a) 

jeAnJ j&J\A 

Denote now with F^ (a) and F,^ q (a) the sheaves on X A , X A , respectively by 

Ffja) := Tor_ g (L a , ■ ■ ■ ,L A ) 0 0 0 (a) =* A ~ q (N* A 0 C^ 1 ) 0 L p + 1va1 

jeAnJ 

F 2 L , q (a) := 0 0 (Q) , 

jeJ\A 

where we used jSca09al Lemma B.3] and where we indicate with the conormal bundle of the diagonal 
in X A , where the La s are naturally seen as sheaves over X A and the Lj’s are seen as sheaves on X A or 
X A depending if j £ A or j £ A. Of course we have, in the identification X n ~ X A x X A : 

Fq (a) := F^ q (a) H Fff q (a) . 

Write now Stab gxh(o) as Stab gxh(ci) = Gi(a) x G 2 (a) where 

G\(a) = H(S 0 ) x G(A \ J) x D a (A n J), G 2 (a) = D a (J \ A) x G(AUj). 

Analoguosly, setting Hi (a) = Gi(a) 0 ({1} x H), that is: 

Hi (a) = H(S 0 ) x H AnJ (a ) , H 2 (a) = H J \ A (a) , 

we have that Stab#(a) ~ Hi(a) x H 2 (a). Denote with v the projection 

v : S ]Al X x S lAl X x -- S n X . 
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(2.5) 

( 2 . 6 ) 


For any denote with 7 rg the quotient projection: ttb : X s -*- Sl s LY. We have: 

F L(aftah H (a) _ H F 2 L 9 (a) ff2(a) 

(7r*F ? L (a)) StabG x«W ~ u* (tt^F^)^ El n Ait F^ q (a) G - W) . 

Hence, to understand precisely the G x /Faction on (E^’ 9 )o we just need to understand the action of each 
group G,;(a) on the sheaf F^ q (a). 

Remark 2.16. The G 2 (a)-action on F^ q {a) reduces easily to the A J \" 4 (a)-action, which is clear. As for 
the Gi(a)-lincarization on Fl q {a) we remark the following. Recall that t = t(a ) = |A(a) n J(a)|. 

• The group G(A\ J) ~ 62 -t acts on F^ (a), fiberwise on A C X A , with the representation A _ 9 (idc 2 <S> 
£2-t <S> C p_1 ). We have still to take into account that the sheaves L A are direct summands of the 
term C\ of the complex C* L \ hence there is an additional sign induced by the G-linearization on C*. 
Since G(A \ J ) acts with a sign on each L A , this accounts for an additional representation ef-t • 
Comprehensively, G(A \ J ) acts fiberwise on F^ q (a) with the representation 

A-«(id ca ®C p - 1 )«efJ7 fl . 


• The factors in H AnJ (a) act trivially on F- t L q (a), hence the D“(An J)-action reduces to the action of 

A AnJ (a). The group A‘ 4nJ (a) is trivial if t(a) = 0 or if | A n J\ = t(a) = 1. The action of A AnJ (a) is 
trivial on the factor O n the other hand, nontrivial factors in A AnJ (a) C D a (AC\J) act 

nontrivially on and hence on Tor_ g (L J 4 ,..., L A ). This can happen if and only if t(a) = | An J| = 2, 
that is, if A C J and Xi(a) = Xj(a) if A = {i,j}, with i ^ j , that is, if 724 (a) is a partition of the form 
(h,h). In any case the subgroup A AnJ (a) acts naturally on the fibers of F^ (a) over the diagonal 
with the representations A -9 (idea 0 c ?- 1 0£*)- Taking into account the G-linearization of C£, A^ n,7 (a) 
acts with a sign on each L A and hence there is an additional representation ef v to consider. The 
comprehensive fiberwise D“(Afl J)-action on F^ (a) is then reduced to the A~ 4ril7 (a) ~ ©(-action, 
given by: 

A _9 (id C 2 0CP - 1 ) ® ef p_l3 . 

• As a H(S 0 ) ~ ©p-sheaf, F^ (a) is naturally isomorphic to A ~ q {N\ 0 p p ) 0 L V ^' VA \ where p p is the 
standard representation of © p . However, since the L A s in the multitors Tor_ 9 (L, 4 ,... ,L A ) are not 
just sheaves, but direct summands of the term C\ of the complex C£, the sheaf F^ q (a) inherits an 
additional sign e p , induced by the H-action on the spectral sequence E p,q (see [ScaOflal sections 4 . 1 , 
4 . 2 , Appendix B]). Hence, the comprehensive H(So)-action on F p q (a) is given by the representation 

A ~ q {N\ 0 Pp ) ® L p / [l Va1 ® £ p 

Putting all the pieces together, the Gi(a)-linearization on the sheaf F^ q {a) reduces to the © 2 -t x© f x 6 p - 
linearization given by the representation: 

A~ q {N\ ® pp) ® e p t ~ q ® e%Zt £3 £ P ■ ( 2 . 7 ) 

Notation 2.17. Let A £ c m (l) a composition of l of range m. Denote with L x the line bundle on X m 
defined by: 

m 

L x : (g)/.f . 

Denote with Cl, or simply with C x when there is no risk of confusion, the sheaf over S m X defined by: 

Cl :=t r*(L A ) Stab6m(A) , 

where 7r : X m -*- S m X is the quotient projection. 
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Remark 2.18. It is clear that if A and p are compositions of range m in the same © m -orbit, that is 
A = /it o<j, for <7 £ &m, then, £ x and are isomorphic. Indeed, denoting with a the automorphism of X m 
such that < 7 ( 21 ,... ,x m ) = • • ■ > aJ o-- 1 (m))> we have that cr*L A ~ L p and that 

= 7 r*(L /i ) Stab6 ™ M = 7r*((7*L A ) Stabe ’" (/i) ~ 7r*(L A ) Stabe "> (A) = C x 


where the middle isomorphism is induced by 7 r*(cr*). Hence the isomorphism class of C x does not depend 
on the composition A but only on its associated partition i'(A). 

Notation 2.19. If F is a coherent sheaf on X, for brevity’s sake, we will indicate with F/\ the sheaf on X 2 
(resp. .S' 2 A') defined by i&^F , where *a : X c —► A 2 (resp. *a : X c —► S 2 X) is the diagonal immersion. 

Proposition 2.20. Let a £ I p , p > 0. The invariants Fq(a) Sta ’ hH ^ a ' 1 are zerQ if anc [ on iy if qf^\—p or 
p > k, otherwise: 

Ff_ p (a ) StahH(a) = SP-'NX ® L p + lxAa)l <g> L x ^ a ) . 

The invariants n t F^(a) Sta,haxH ^ a \ over the symmetric variety S n X, are zero if q 7 ^ 1 — p or p > k, 
otherwise they are given by: 


tt*F^_ (a) StabG x» ( “) = 


0 if ua = (h, h), for h £ N 

ifu A ± (h,h) . 


Proof. As for the Stab#(a)-invariants, remark that in (2.5) the group # 2 ( 0 ) acts trivially on FJ 2 J q {a) = L Xa . 
Moreover the Hi (a) action reduces to the H(Sq) — © p -action. Since F 2 q (a) ~ A ~ q (NX ® p p ) <g> £^ Xa A)\ 


as a ©p-sheaf, the first statement follows from corollary B.4 


Let’s consider now the StabcxH(a)-invariants. After remark 2.16 lemma B.3 and corollary B.4 the 
G\ (a)-invariants ttA*F^ q (a) Gl ^ are zero if q 7 ^ 1 — p and coincide with the © t x © 2 _ t -invariants of the 
sheaf: 


7 r A *(S p - 1 NX ® LP+I^(“)I) 0 efP - 1 0 e. 


2p-l 


if q = 1 — p and va{cl) = (ft, h) for a certain h G N and with the ©* x © 2 -£-invariants of the sheaf: 


n A *(S p - 1 NX®LP + \ VA ^)®e 2 £r t 1 


if q = 1 — p and v A {a) is not of the form {h, h). For the latter, we necessarily have t > 1 and the 
invariants are nA*{S q ~ 1 NX ® jj>+\ VA ( a ) I). For the former, that is, when the partition v A {o) is of the form 
(h,h), necessarily t = 2 or t = 0 and the S t x © 2 _ t representation above reduces in any case to the 62 - 
representation ■k a *(S p ~ 1 NX ® Ap+I^MI) ®e 2 , which has no invariants. Hence there are nonzero invariants 
only if q = 1 — p and in this case 

* A ,F ls _„{a) if i/ A = (ft, h), for ft e N . 

Let’s now consider 'KA^^qip) 02 ^- We have: 

KA*F 2 , q ( a ) G2M =tta*(L X a ) G2 ^ ■ 


It is now sufficient to remark that G 2 (a) ~ Stab G ^\(A^): as a consequence: 


^A*F2, q ( a f 2{a) = 7rA.(i A -*) Stabo (' i)(Aj * ) - -C" A(a) 


over S^X. Note that, over S^A”, we can rewrite tt a *(S p 1 N ^ < 8 > L p+ ~ (S p ® IA , +l !/A ( a )l) A . 

We now conclude by (2.6). □ 


Notation 2.21. Denote with Ao(k,l) the set of all couples (X,p) £ A(k,l) such that A 0, A not of the 
form (/i, h). 
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As an immediate consequence of (2.3), (2.4), of the previous proposition and of remark 1.7 we have 


Corollary 2.22. The term (E p,q )Q is nonzero if and only if p = q = 0 or q = l— p,l<p<k — 1. In 
these cases the term (E p ' q )Q is 


(£i°’°) 0 L X 

AGCn(fc) 

(. E {~ 0 SP-'NX <g> L p + M g> L x * 

(A ,A)eB{k,p) 

The term (E p ’ q ) 0 xH is nonzero if and only ifp = q = 0 or q = l— p, l<p<k — 1. In these cases the 
term ( E'i’ 9 )q is 

® 

A Gpn(k) 

{E p ’~ 0 

{n,v)eA 0 {k,p) 


As a consequence the spectral sequences j*(E p,q ) H and j*(E p ’ q ) GxH degenerate at level k. 
Remark 2.23. As a consequence of corollary 


2.22 


L C' l is 


and since the derived tensor power C' L ® L ■ 

acyclic in degree > 0, the higher differentials d r : j*(E®’°) H -► j*{Ef. ,1 ~ r ) H are surjective; analogously, 

the G-invariant higher differentials ( d r ) G : j*(E®'°) GxH -*■ j*(Ef’ 1 ~ r ) GxH are surjective. In particular, 

for n = 2, the differentials d r and ( d r ) G are surjective over the whole X 2 and S 2 X, respectively. 


3 Higher differentials and operators D\ . 

In this section we study higher differentials d l and ( d l ) G of the spectral sequences j*(E p,q ) H and 
j*(E p,q ) GxH , respectively. We will prove that the higher differentials d l are, up to signs, restrictions 
of globally defined operators D l L , built recursively as higher order restrictions of sections to pairwise di¬ 
agonals. As a consequence, we get a description of the Bridgeland-King-Reid transform ^(S k L^ n 1) of 
symmetric powers of tautological bundles, as well as their direct image p*,(S k L^), in terms of kernels of 
operators D l L and their G-invariants, respectively. 

In order to explicitly compute higher differentials in the G-equivariant spectral sequence (j*E p,q ) H , we 
will locally solve the complex j*C* L (g> L • • • (gr j*C* L with a bicomplex of locally free sheaves. In order to 
do so, we need to solve term by term the complex C* L . First of all we introduce some auxiliary open sets 
covering X n that will be used throughout this section. 

3.1 Auxiliary open covers 

Lemma 3.1. Let X he a smooth quasi-projective surface and L be a line bundle on X. Let n £ N, n > 1. 
Then X n and S n X are covered by affine open subsets of the form U n and S n U, respectively, with U an 
affine open subset of X such that L is trivial over U. 

Proof. We just need to prove that, if xi,...,x n are n points over X (not necessarily distinct), there is 
an affine open subset U of X containing all the Xi , i = 1 ,... ,n and such that L is trivial over U. A 
proof of the first property was reported in [Sca05 . Lemma 1.27]. Therefore, consider an affine open set 
U of X containing x t , i = 1 We just have to show that we can shrink U sufficiently to achieve 

the triviality of L. Over U consider the epimorphism L -►► L ® Oz, where Z is the scheme theoretic 

union Z = U” =1 {a;*} (and hence reduced). Taking global sections, since U is affine, we get an epimorphism 
T(U,L) —>-«- T(U,L Z ) = (BjL x . ., where {x q,... ,Xi,} = {xi,... ,x n } and Xi j are all distinct. Hence there 
exists a section s £ T(f7, L) such that s(xi) ^ 0 for alii = 1,..., n. The open set U \ Z(s) is the affine 
open subset we want. □ 
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Remark 3.2. Let U a smooth affine open set of X over which L is trivial, found in lemma 3.1 Consider 
a partial diagonal A/ C U n , |/| > 2: since smooth, it is locally complete intersection inside U n . On the 
other hand, even shrinking U, we can’t guarantee that A/ is complete intersection inside U n . However, it 
easy, possibly shrinking U, to build a smooth complete intersection of dimension 2 inside U n having A/ 
as an irreducible component. Hence, by shrinking U and further removing a closed subset of U n , we can 
succeed building an affine open subset V C U n containing A/ and such that A/ is a complete intersection 
inside V. 

Analogously, if p G U n it is possible to find an affine open subset Vw , p C U n , containing p and such 
that any partial diagonal A,/, J C {1,... ,n}, | J\ > 2 is a complete intersection inside Vj/", P , or empty. 
The open sets Vjjn p , with U affine open of X as in lemma 3.1 and p £ U n cover X n . In what follows we 
will drop the point p and we will just denote the affine open sets Vun p with Vjj™- 

We will also denote with the intersection U n D X and Vu-n ** the intersection Vjj™ D X™*. 


3.2 A term-by-term Koszul resolution of C* L ® L ■ ■ ■ ® L C* L . 

Consider now an affine open set of the form U n , built in lemma |3T| Since on the affine open set U the line 
bundle L is trivial, over U n the complex C* can be written as: 

C l = ® L J = ® °J ■ 

jj|= p +i \j\= P +i 

Now, the sheaves Oj, for |J| > 2, are nothing but the structural sheaves of partial diagonals A j: hence 
they can be solved, restricting to smaller open sets Vu* if necessary, by a Koszul complex K*(Fj,sj), 
where sj is a section of the trivial vector bundle Fj of rank rk Fj = codim A,/ = 2 p, transverse to the 
zero section. Set Fi = Oi and I\ p (Fi , s*) = Fj if p = 0 and K p (Fi,Si ) = 0 if p ^ 0. As a consequence the 
bicomplex R* *, defined, for p > 0 and q < 0, as: 

R p ’ q := 0 K*(Fj,aj) 

IJI=P +1 

with natural differentials, provides a term-by-term locally free resolution R*'* -► C* L of the complex C* L 

over the open set Vun. 


Remark 3.3. In the direct sum here above, and whenever we write Koszul complexes through subsection 


3.5 it is implicit that we just take multi-indexes J such that A j D Vj/n ^ 


The vertical differential 6 of the bicomplex i?*’* is induced by differentials of the Koszul complexes, of 
which R p '° is direct sum. The horizontal differential d : R p,q -*- R p+1 ’ q is given by 


( d p (x))j = J2 £i ’J i J( x J\{ i }') 


i£j 


where i~ q is the injection i~ q : A ~ q (Fj\{i}) -*- A ~ q (Fj) and where the sign eqj has been explained in 

the definition of the complex C* L (subsection |1.1[ ). 

The derived fc-fold tensor product C* L ® L ■ ■ ■ ® L C* L is then solved, on Vj/n, by the bicomplex 


K*’* := R*’* ® ® R*’* 


(for the sum of the first indexes and the sum of the second indexes). We can rewrite the bicomplex R*’* 
as: 

R p ’ q = 0 R p ^ ® ...®R Pfe ’ 9fc = 0 Ar q (F Jl ® • ■ ■ ® F Jk ) . 

Pl+ ~+Pk=P IAI+—+I Jk\=P+k 

9l-l-h 9fc=9 


With our notations (see notation 1.6), this can be also written: 


K r.9;= 0 A - q (F aW ®..-®F a{k) ) . 

a£V k , l(a)=p 
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Remark 3.4 (Differentials). Since R*’* is a tensor product of bicomplexes, the vertical differential <5 : 

R p ' q -► R p ’ 9+1 is given, on the component R Pl ' qi 0 ... 0 R Pi > qi <g» • • • 0 R pk ’ qk -► R Pl ’ q 1 0 ... 0 

by 

<y = (-i)« i+ -+«*- i 5 i , 

where <5, is the vertical differential of the j-th factor l?**, and hence coincides with the direct sum of 
differentials of the Koszul complexes 

R\,...,j k ■■= K'iFj, © • • • © F Jk , Sjl ® • • - 0 sjJ . 

The horizontal differential d : R p ’ 9 -*- R p+1,9 , on the component R Pl ’ qi 0 

...(g) RPk.qk - RPuQi 0 ... ( 2) R p i +1 ’ q i 0 ... 0 RPk, q k i s given by 

0 = (- 1 )?'* • ••/'. : 0 . 

where di is the horizontal differential of the i-th bicomplex R*’*. 

Remark 3.5. The horizontal differential d depends just on p and not on the q involved; consequently it 
just depends on the multi-indexes Ji involved. Therefore writing R p ’ 9 as a direct sum of Koszul complexes 

» P ’*= 0 A - *(Fj, © -.. © F Jk ) ~ 0 Rj lt ...,j k 

\Jl\-\ - \-\Jk\ = P~\-k | JlH- \~\Jk\ = P~\~k 

the horizontal differential on A ~ q {F Jl 0 - - - 0 Fj .\{ h } 0 - - - 0 F Jk ) -► A ~ q {F Jl 0 • • • 0 Fj t 0 - - - 0 F Jk ) is 

given by 

(-IjlFI+.-.+IF-d+i-i e KJi r h q ji (3.2) 

where we still indicate with i~ h q J _ : A ~ q {Fj 1 0 - - - © Fj.\{ h } ■ ■ ■ 0 Fj k ) -► A~ q (F Jl 0 - - - 0 Fj. 0 - - - © Fj k ) 

the injection induced by Fj.\{ h } c —>- Fj t . 

We now introduce another bicomplex IK*’*, easier to deal with, also related to the spectral sequence 
j*E p,q . 

Remark 3.6. Consider, on the open set Vjjr ,, the bicomplex K*’* defined as 

K™ ; = © ).„(fc) = 0 A ' 9 (^(i) © " ■ ® , 

aeXP aelP 

with differentials defined exactly as in the previous remarks and where the direct sum is taken over the 
a £ T p such that A a (i) C Vu n 7^ 0 for all i. It is a quotient bicomplex of R*’*. Consider the open immersion 

ju : -► V[jn. Since the Koszul complexes jjjR* (i) a (k) are exac t if a € V p \T P , the complexes 

j^R*’* and are quasi-isomorphic: 

ju R*’* - qis i&K*’* . 

Consider now the spectral sequence K\' q := H q (K p ’*) associated to the bicomplex K*-* over the open 
set Vj/». As a consequence of what we said, 

Proposition 3.7. The restriction of the spectral sequence j*E p,q to the open set Kj/™,** is isomorphic to 
the spectral sequence jf,K p ' q := H q {jf, K p ’*); analogously, the H-invariant spectral sequence (j*Ef’ q ) H is 
isomorphic, over Vjjp,**, to the spectral sequence (jfjK p ’ q ) H . 

Remark 3.8. For a £ T p , denote more briefly with R q the sheaf R^{i) a(k)' Consider the horizontal 

differentials 

®a,b% : K™ =®Jf^ 0i? = K p+1 ’ 9 . 

aS Ip bGl p+1 

The map d b : R q -► R q is nonzero if and only if A(a) = A(b ), 5 0 (a) C S 0 {b) and ah C A(b) if 

{/z} = So(b) \ So(a). This means that, for a fixed b £ I p+1 all possible nonzero maps to R q are of the form 

d b a :R q -- R q , where a is of the form aj = bj for all j £ {1,..., k} \ {?}, for some l £ So(b). For this l, 

ai C A(b), and can hence take only 2 possible values. Hence there are exactly 2p + 2 nonzero maps to R q . 


... 0 R Pi ' qi 0 

(3.1) 
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3.3 The //-invariant bicomplex (K 9,9 ) H 

Homogeneous components. Denote, as in subsection |2.3| with ( A, A ) i->- a(X. A) a fixed section of 

the quotient surjection ifi : I 1 -► B(k,l). For any (A, A) £ B(k,l ) denote with W* A the homogeneous 

component of IK*’* indexed by (A, A), defined as: 

w ;U := 0 K- 

Danila’s lemma for the action of H on the complex IK*’* can be rephrased writing: 


(k p ’*) h ~ 0 c w 9 XA ) H ~ 0 « (A ,A)) stabif(a(A ’ A)) • 

(A ,A)eB(k,p) ( X,A)eB(k,p) 

Since, over the open set U the line bundle L is trivial, there is no harm in tensorizing each R q a ^ x A ^ with 
the (trivial) line bundle L x : in this way we can keep track of the label A. As a result we can write: 


- 0 ( wt iA ) H * 0 « (AjA) 

(X,A)eB(k,p) (A ,A)eB(k,p) 


( jStabjf (a(A,A)) 


(3-3) 


Vertical and horizontal differentials. In what follows we will use notations and facts from appendix 
|B| Let (A, A) £ B(k,p). Note that the Stab#(a(A, A))-action on the complex R 9 ^ XA ) reduces to the 
H(So(a)) ~ & p action. The complex R 9 ^ A ) i s isomorphic to the tensor product of p Koszul complexes 
K 9 {Fa , sa) 0 • ■ ■ 0 K 9 (Fa, sa)- However, the Zf(Sb(a))-action on R 9 ^ x A ) has to be compatible with the 
i/(So(a))-action on C* 0 L ■ ■ ■ <8) L C*, which introduces a sign when permutating two consecutive Cf factors 
(see |jSca09al l section 4.1]): hence, we have to take into account a further £ p -representation. Consequently, 
in the identification H(So(a)) ~ © p , the 7L(S'o(o))-equivariant complex R^/ XA ) isomorphic to the © p - 
equivariant complex given by tensor product of p Koszul complexes twisted by £ p : 


r I(\,a) - k *( f a, sa) <8 • • ■ <8 K 9 (F a , s A ) 0 £ P zz K’(F A 0 Rp, s A 0 cr p ) 0 e p . (3.4) 


or with the Koszul complex K 9 {F A ® R p ,sa®<x p ), twisted by e p (see remark B.5|, where R p is the natural 
representation of the symmetric group © p and a p is the invariant element in R p . Now, from (3.3) and from 
corollary |B. 6 [ we deduce 


Lemma 3.9 (Vertical differentials). Let p > 1. Then the vertical complexes ( K. P,9 ) H are isomorphic to the 
direct sum of twisted and shifted Koszul complexes: 


(K p ' 9 ) H ~ 0 K 9 {F A ,s A )®S p - 1 F%®L x [p- 1] 

(A ,A)eB(fc,p) 

where K 9 {Fa,sa ) is the Koszul complex resolving the partial diagonal A a . Hence the complexes ( K P ’ 9 ) H 
are quasi-isomorphic to the sheaves A)eB(fc p) ^ p l ^A ® placed in degree 1 — p. 

Corollary 3.10. Consider the spectral sequence (K p ' q ) H , associated to the H-invariant bicomplex (K* , *)- ff . 
At level (Ki) h , the only nonzero terms are (K®’°) H and ( K l ) H , for 1 < l < k — 1. Moreover, for 
1 < l < k— 1 we have ( K J ' 1 l ) H ~ (K^’ 1-1 ) 11 . Consequently, (K p,q ) H degenerates at level k. 

Notation 3.11. Let A £ c n (l i), p £ c n (lf). We write that A < p if A^ < pt for all i £ {1,... ,n}. 


Lemma 3.12 (Relevant horizontal differentials). Let (A, A) £ B(k,p— 1), (A', A') £ B(k,p). If p > 2, the 
horizontal differential between two homogeneous components 


qA',A' 
5 a a 


: mi) 


1 ~P\H 




is nonzero if and only if a) A = 


qA ' ,a 

J X ,A 


(W- 


i p\ 
A,A ) 


A!; b) X' < X , X' A = X A . In this case, the map 
H ~ S p ~ 2 F* a ®F* a ®L x -► S p ~ 1 F a 0 L x ' ~ (wlrj) H 
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can be identified^with, (p— 1) sym - where sym is the symmetrization majj^sym : S p 2 F A ®F A - 
- twisted by the sign (—1 ) p ~ 2 E r> A, where r is the unique element of A such that X r = X' r + 1. 


S p-ip 


Proof. Consider bo £ if 1 (X\A ')- 1 hence for any fixed oq £ I p 1 , such that A(ao) = A and A(ao) = A, by 


i ~P\H 


the lemma [ScaOQal Lemma A.l], the map between homogeneous components (W x Jf) 
identifies to the map: 

> l_p' 1 Stab /f (a 0 ) ( pl-p\Stab H (i> 0 ) 


1 ~P\H 




(K 


K; p r 


(3.5) 


given by: x I -► E[ ff ]Gff/Stab H (a 0 ) fa a oXoidx)- Now when [g] £ H/Stab H (ao), ga 0 spans all possible a in 


the orbit if ffX, A) inside X p 1 . By remark 3.8 f a ^ 0 ^ 0 if and only if a is of the form a* = (&o)i f° r a ll 


i £ {1,..., k} \ {/}, So (a) = S 0 (b Q ) \ {/} and a; C A( 6 0 ). All other a such that f a ,b 0 7 ^ 0 are of the form 
a = ga 0 for g £ H(S 0 {b 0 )) ~ & p . 

The necessity of the listed conditions now follows immediately. To prove sufficiency, take (A, A) and 
(A', A) satisfying the conditions a), b) in the statement. We necessarily have that Aa < A^, with |A' 4 | = 
Aa — 1. Therefore there exists a unique h £ A such that X' h = Xh — 1; for any other j, A' = A j. Take 
bo £ if~ 1 (X',A), pick l £ S(bo) and define now a o as: (ao)z = {h} and (ao)i = (&o)i for any other i. Now 


Stab if (oq) and Stab#(&o) satisfy the hypothesis of lemma (Sca09a. Lemma A. 2 ], hence, recalling (3.4) or 


remark B.5 the map (3.5) identifies, up to signs, to the map of ® p -invariants: 


0 A P ~\F* A ® R p -ffi)) ® 




rV 


By lemma [B.14[ this map identifies to the map 

{p — 1) sym ®id : S P ~ 2 F A 


>F2 


S P ~ 1 F 


. A' 


where sym : S p 2 F 4 ®F 4 -*■ S p X FJ is the symmetrization map. As for the sign, from (3.1) and (3.2) we 

deduce immediately that we have to twist (p— 1) sym®id by (—1 ) p_ 1 £ Si a, if A = {r, s} and the differential 


is induced by i p 2. But e S) a = ~£r,A and r is the unique element in A such that A r = X' r + 1. 


□ 


Remark 3.13. After the previous lemma and after remark 3.8 for (A', A') £ B(k,p ), there are exactly two 
different (A, A) £ B(k,p — 1) such that d x ’ A is non zero. They are exactly the (A, A) such that A = A', and 
that for all h £ {1,..., n}, Xh = X' h , apart for one h 0 £ A, for which Xh 0 = X' h + 1. It is clear that the two 
choices depend just on the two choices of ho £ A. Using the multiplicative notation of compositions (see 


notation 2 . 1 ), if A = {ao, ai}, the two elements we are considering are (Ao, A) and (Ai, A) where Aq = dpA', 


Ai = aiA'; hence supp Aq = supp A' U {ao}, supp Ai = suppA' U {ui}. 


The analogous of lemma 3.12 for p = 1 is the 
Proposition 3.14. The horizontal differential d : (K 0 ’°) ff 


(K 1 ’ 0 )^ = ®(p,A)eB(k,i)O x is given by 


a 0 fi • 


Proof. The horizontal differential for p = 0, q = 0: 

d : (K°'°) ff ~ 0 0Y" - 

A (zc n (k) 


0 Ox n ~ (K 1 ’ 0 ) 11 

(H,A)eB(k, 1) 


is defined by (3.2). In this case the maps i° h j. coincide with the identity map. We have that [<9 (;ca)a \h,a = 0 
unless Xa 7 ^ 0 and A^ = p A - The only possibility is, again, that, in multiplicative notation, if A = {ao, ai}, 
with ao < ai, A = aop or A = a\p. Taking into account the sign, the (//, A)-component of the differential 
d is given by is S iy en by -E ao ,AX ao p - s ai ,AX alt i = 


'a ui 


°aon- 


□ 


5 the identification is not canonical and, with different choices, it could differ by a positive constant, as explained in remark 


The symmetrization map, as well as the alternating map, will be recalled in remark B.l 
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Corollary 3.15. The induced map d x K : 

i d K (xx)\]^,A = x ai 


Hg(K 1,0 ) H = Kl ' 0 is given by 


Aa a Xa on\A A 


(3.6) 


Remark 3.16. The map ( |3.6[ ) is the local expression on an open set of the form Vu*. for the global map: 

r A . /HA r . T U o. cte—1/^0 'j'j 


S k C ° L ~ 0 L> 

AEc n (fc) 


0 L A ® IS ~ Cl® S k ~ l C° L 

(n,A)eB(k,l) 


given by the the differential d° of the complex S k C' L = (C* ® ■ 
(3.6) holds globally. Consequently the differential d 1 : (j*E®’°) H 


' C * l ) h . Moreover the expression in 
■ (of the spectral sequence 


{j*E\' q ) H is given globally by the restriction of the map (3.7) to X £ 


3.4 Higher order restrictions 

The aim of this subsection is to build explicitely on the whole variety X n recursively defined G-equivariant 
operators 


D\ : kerM -1 


K\L) 


'L ■ JVC1 

where the sheaves K l (L) coincide with the sheaves (j*j*E[ +1 '~ 1 ) h , and where D° L coincides with the 
map (3.7). In the next subsection we will prove that over the open set X™* the operators D l L coincide up 


to signs with the higher differentials d l+1 of the spectral sequence (j*Ef’ q ) H . The operators D l L and their 
G-invariants ( D l L ) G will be extremely useful to deduce global results about the sheaves p*q*(S k L M) and 
/x» S k L W over X n and S n X, respectively. 

For brevity’s sake, denote with Vl the vector bundle on X n defined as L ES • ■ ■ EE3 L := ©”_ 1 L i . The 
bundle S k Vi, on X n splits as a direct sum S k Vj i ~ ©a e c „(fe) ^ ■ 

3.4.1 Definition of higher order restrictions D l L when L is trivial 

Suppose for the moment that L is trivial. Then S k Vo x can be written as the direct sum S k Vo x — 
®Xec n (k)Ox'i since 0\ ~ Ox n , to avoid confusion, we will write 0\ n instead of using A just as a 
mere label. A section of S k Vo x is then given by a collection of sections (x\)\ of 0\ n for all A € c n (k). 
Inspired by finite difference calculus, and using the multiplicative notation for compositions (see notation 
2 . 1 ), we give the following 


Definition 3.17 (Higher differences). Let l £ N, 0 < l < k, let p £ c n (k — l) and let A be a subset of 
{1,..., n} of order \A\ =2. Define the morphism of Ox n -modules 


A La ■ S k V 0> 


Oj 


as 


A^ a (*a)a:= E (- 1 )' 


0 ec n (i) 
0a= o 


x Pn 


where A = {ao,ai}, with ao < a±, where (—1)^ := (—l)/ 3 ^ 0 ), and where 
Note that in the limit case l = 0, a (iea)a = x 
Lemma 3.18. Let l £ N, 1 < l < k. We have the identity: 

a2 _ _aJ—1 I A ,_1 

^aofjt,A ' ^ai/x,A ' 

Proof. Take local sections x\ of . The identity to prove is the following: 
'l 


o) 


P( a i) 


E (- 1 ) 1 


76 c„( 2 ) 

7A=0 


-7 H=- (- 1 ) /S ( Z fl 1 l X 0a°n 

Pec n (i-i) v p 

0 A =o 


E (-F 


/3ec„(2-i) 

0 a= o 


1 - 1 


X 0a\n 


and can be straightforwardly proved, writing multiplicatively a general composition /3 in (3.8) as a 0 
for 0 < j < l — 1 . 


(3.8) 


i-j-i J 
□ 


20 












Notation 3.19. Denote now with I a the ideal sheaf of the partial diagonal in Ox n - Consider the 
quotient sheaf Ox The class in O.xn-/I l A 1 of a local section / G Ox ™ is denoted with [f]p+ 1 . 

Definition 3.20 (Higher order restrictions). Let l be an integer, 0 < l < k — 1. Let (p,A) G B(k,l + 1), 
that is, p G c n (k — l — 1), A C {1,... , n}, |A| = 2. Define the operator: 

Dl,A ■■ s k Vo x —► Ox^/lT 


as 


D^aCMx) ■■= [A!+A((*a)a)W • 


As a consequence of the definition of the operators A and of lemma 3.18 we get immediately: 


Lemma 3.21. Let A = {ao,ai}, with ao < a± and l G N*. The composition 

S k Vo x Ox-tlT ^ O X n /1 a 


is given by 

Pl~ 1 ° D ^,A = -Dial,A + D ail,A ' 

Notation 3.22. Let M be a line bundle on X, l G N, l < k — 1 let (p,A) G B(k,l + 1). Denote with 
and with K l ^ A {M), respectively, the following sheaves, supported on the partial diagonal A^: 

p l, A (M) ■= Ox~/4 +1 <8 M 1 / 1 <g> A/ M 
Kl A (M) := I l A /I l + l <8> AI 1 / 1 g) AP ~ 8 M /+1 ) A <8 AP . 


Finally, denote: 


P z (Af) := 0 Pj^ A (M) 

(A,A)£B(k,l+l) 

K l {M) := 0 < a (M). 


If M is trivial, we will denote P\M) simply with P z , P 1 ^ A (M) simply with P* K l (M) with Jv z and 
K^ a (M) with K 1 ^ A , in this case P^ A ~ Ox ™/! 1 ^ 1 and ~ l\II l A l ~ As we see, if M is 

trivial, p plays no role for the moment and should be considered as a mere label. 

Remark 3.23. Let (p,A) G B(k,l + 1). Note that, since P^ A {M) ~ £bc"/-^ 1 8 AL^ 1 + ^^®AP l;s , for any 
composition p! G c n (k — l), such that p A ~ p' A , there is a canonical epimorphism P^ A (M) —«-«- P^L^A/), 
whose kernel is isomorphic to K 1 A (M). 


Definition 3.24. Let l G N, l < k — 1. Let {p,A) G B(k,l + 1). Define the operator D l : S k Vo x 
as: 


D 1 {{x x )\)a,a ■= D 1 ^ a{x x )\ ■ 


pi 
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Remark 3.25. It follows immediately from lemma 

takes values in A' ; ( A . Hence the operator D\ restricted to kerP^ 1 , takes values in K l : 


that the operator D l fi A , restricted to kerP 


i-i 


D l : ker P i_1 -► K l . 


3.4.2 Definition of higher order restrictions D l L for general L 

Let’s consider now the case in which L is non trivial. In this case we will not be able to build operators 

D l L : S k V L -*- P Z (L), but we do can recursively build operators D l L : kerP ^ 1 -*- K l (L). Indeed, let 

l be an integer, 0 < l < k — 1, p G c n {k — l — 1), AC {1,... , n}, with |A| = 2. Consider an affine open 
subset of the form U n , with L trivial over U. Let s G T(P, L) be a nowhere zero section of L over the open 
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set U, trivializing L. Consider now sections Sj, j = 1 ,n, of Lj over U n defined as s 3 = p*(s). Then 
s x := trivializes L x over U n . We can now write an element of S k V B on U n as (xas a )a- Define 

dI, a ■■ S k V L -► Pl A {L) 


over U n as 

<a((*as a )a) = (D l ^ A (xx)x)s l+1 0 a" • (3.9) 



define furthermore operators 


D l L : S k V L -► P\L) 


as 


Dl L--= © 

(/j,A)£B(k,!+1) 


n l 

u ji, A i 


and where each : S k VL 


P^a(L) is defined as in (3.9) 


Remark 3.26. Note that, if ( u x ) x is a local section of S k V B over an open set U n and if A = {a 0 ) ai}, 
with ao < a i, then A {u x ) x = u aifl | A ^ — u ao/i | A ^ £ L A ® L^. Hence A and D° L are globally defined 
operators on S k VL- Moreover the operator D° L coincides with the map (3.7). 


Proposition 3.27. The operators D l A and D l L are recursively well defined globally on X n as operators 


Dl A : ker D 1 ^ —* K^L) , 
D‘ l : ker D l B x -► K\L) . 


Proof. We prove the goodness of the definition by induction on l. For l = 0 this fact follows from remark 
3.26 Suppose now that, for any composition v £ c n {k — 1 — 1) and any B C {1, ...,n}, \B\ = 2, the 

operators D l v B : ker D 1 ^ 1 -► K l v B {L) are globally well defined. Take now a = ( x x s x ) x a local section of 

S k V L over an open set U n , where U is an affine open set of X such that L trivializes on U via the nowhere 
zero section s. Suppose that a £ ker D l L : this means that for any composition v and for any subset B 
as above, we have D l uB {x x s x ) x = 0, that is, D l ^ B {x x )x = 0 in (S 1 0.x)b ~ I l B /I l + x C O x ™/I l B l - By 
definition of D l v B , this means that the functions 


A z +iOr x)x G 4 +1 for all {v, B) £ B(k, 1 + 1). 

Let now (/z, A) £ B(k , 1 + 2). To prove that D l + A is well defined, write a in term of a nowhere zero local 
section t of L , over another affine open set V over which L trivializes, and such that U HV ^ 0. On U fl V 
we have s = yf, for 7 £ 0 Bnv \ hence a = ( x x s x ) x = {x X "/ x t x ) x . We have to prove that 


D l +\(x x s x ) x = D^(x xl x t x ) x 




Now 


D 1 ^a(xxs x ) x - D l +X(x x ^ x t x ) x =D l +X(x x ) x s l+2 ®s»- D l +\(x xl x ) x t l+2 ® ^ 

=D l +^(x x ) x (i l+ 2 t l+2 ® 'ft*) - D l +X(x x j x ) x t l+2 ® i** 

=D l +\( x x)xT l a + 0 2 ^(t l+2 ® n - D l +\(x xl x ) x (t l+2 ® n 

= A ^l(Xx)xT l a + 0 2 r - A l + 2 A (x Xl X ) X ] ( t l+2 ® n. 

L J 

Hence it is sufficient to prove that the function on (U fl V) n 

K+l(xx)x7 l a fr- Al +l(x X 7 x ) x = r E (- 1)/3 f 

|/3|=Z+2,/3^ =0 
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is in the ideal I 1 ^ 2 . Now, writing /3 = ag +2 +{, for 0 < j < l + 2. we have: 


(- 1 Y( 1 )\ X PM 2 ~ 1 P ) 5I(- 1 ) J ' C + - 2 ) X a‘+^a{Ma + 0 2 ~ 7^ j li, ) 

.7 i o a-—n \f J / a —n \ J / 


\P\=l+2,P A =0 


3= 0 
i+2 


1 + 2 


=(-!)'E(-f) J 

i=i 

+ 2 // i o 

=(-!)'E(-l) jV 

J =1 




2/ 2 —|— 2 — j j 

a 0 •'cq/x /a ° 


,l+ 2 -j( j _ j \ 
V /an /ai/ 


where, in the second equality we used that, for j = 0, 7^+ 2 — • 7 7^ 1 = 0. Now ( 7 ^ — 7 ^) = 

“E fv) 7 ^^ 7 °i " 7a °^’ hence: 


|/3|=i+2 

Pa=° 


1+2 j 


E (-1)" ; -V s ) — (-1)'EE(-D J 


j=l i=l 


1 +j / W X “ 0 +2_ia > 7 “° 2 i(%1 " 7 “ o)< 

T)(i 

i (l 2 \ / T H- z ^ 


Z+2 Z+2 

-HTEf- 1 ^’} “J ^ j^+ 2 -+>7-r _, (7ai -7» 0 ) 

Z+2 Z+2-i 

=-(-dT £<- 1)r +;+ ; 
-(-l)T(-l)' +, + 2 "‘(l., (eW(£*) ( + ' 


a 0 a i M 


Z+2 

=E(-D 

i= 1 
Z+2 

=E(- 1 ) i 


i+1 / 1 + 2 


7io 2 , (7ai 7 a o )* E (- 1 ) 


Z+2 —i 


\ Z+2—r ( 1 + 2 — i 


X Z+2-i-r r i 

r I a 0 a i a iM 


+ 1 / 1 + 2 1 ; + 2_i 


/ 


t + J — 1 / \l 

lag \7 a l 7 a 0) 


E (-1) 

|/3|=Z+2-i 

ft A=Q 


pi l + 2 — z 


£>a J /x 


// + 2\ /r + i\ // + 2\ fl + 2 — z\ 
since 111 . 1 = 1 ■ J I 1. As a consequence 

Z+2 


AJ^aW+V - A^1(^A7 A )a = 7" E(-D I+1 f t 2 ) 7 »o 2_i (7ai ^ 7ao) i A^(xA)A • (3-10) 

i=l ' ' 


Note that, since {x\)\ £ kerZ+, one has that, for 1 < * < l + 1, D 1 ^ ~^( x \)\ = 0 in Ox^/Ia \ and 
hence, for all* = 1,...,/ + 2 the function /\ l + 2 ~^(x\)\ £ . Since ( 7 ai — la 0 ) 1 £ Z+ we conclude that 

the difference in (3.10) is in /^~ 2 , which is what we wanted to prove. □ 


3.5 Higher differentials 

Let’s go back to the higher differential of the spectral sequence (j*Ef’ 9 ) H on . Note that with the 
definitions of last sections, for l integer 0 < l < k — 2, we have (E®'°) H ~ S k V^ and 

K\L ) ~ (E[ +1 ’- l )» , 

where the latter has been defined in subsection [+ 2 j and hence 

j*K\L) ~ {j*E[ +x ’- l ) H . 

Hence it is natural to compare the restrictions j*D l L of the operators D l L , found in the last subsection, 
with the higher differentials d l+1 : ( j*E®'°) H -*- (j*E\ +1, ~ l ) H . We will compare the morphisms by 
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induction on l. Since the morphisms j*D l L and d l+1 are globally well defined on X™* it will be sufficient 
to compare them locally on an open set of the form Vjj »,**. Since the restriction of (j*E^’ q ) H to such an 


coincides with the restriction to Vjj 
*'*) H by proposition 


3.7 


»,** of the spectral sequence (K {’ q ) H , associated to the 
it will be sufficient to compare the operators D l L and 


open set Vjj 
iJ-invariant bicomplex 

the higher differentials d 1 ^ 1 of the spectral sequence (K^’ q ) H over the open sets Vjj ». 

Remark 3.28. To be precise, consider an affine open set of the form Vjjn of X n , as defined in remark 
|3.2| We recall that L is trivial on every open set U of X and that that all pairwise diagonals with 
A C {l,...,n}, |A| > 2, are complete intersection inside Vj/n, or empty. For A C {l,...,n}, |A| = 2, 
such that A A H Vj/« ^ 0, let f A ,i- i = 1,2 be the generators of I a- Let Fa be the trivial vector bundle 
@i~iOv un GA,i of rank 2, where e A ,i, * = 1,2 is the standard basis of C 2 , seen as a local frame for Fa- Let 

e* Ai the dual basis. The zeros of the section sa '■ Ox™\ v n -*- F A , given by sa — E?=i fA,i e A,ii define 

scheme-theoretically the pairwise diagonal A^. The Koszul complex K A (F A , Sa) resolves the structural 
sheaf Oa of A^. We identify S l N A with I l A /I l A l . Remember that, after lemma 


3.9 


we have: 


(K '* 


l,»\H 


© (KX 

( fi,A)£B(k,l ) 


H 


where 


(W; a ) h ~ S'-'FX ® K*(Fa, 8 A )[l -1] ® L» , 
and its 1 — Z-cohomology is isomorphic to 


H 1 ~\{W^ a ) H ) - S l ~ 1 N A 0 U 1 ~ I l A x II l A 0 C (K[ x ~ l ) H ~ {K l { l ~ l ) H . 

Lemma 3.29. Let (x\)\ £ (K^'°) H , and suppose that, for (u, B) £ B{k,l), we have 

d l K [(x x ) x ] v ,B = [K,b] G I l B l /I l B ®L"C [K ]’ 1 - 1 ) 11 , 

where h„ t B are elements of I B . Suppose moreover that d l K [(x\)\] Ut B = 0 for all (v,B) £ B(k,l). Let 
(p,A) £ B(k,l + 1), A = {ao,ai}, ao < ai- Then {x\)\ £ E^ x and 

d^K 1 [( 3; a)a]/j,A = ( — 1)* 1 l[—h aol i'A + h a 


Proof. For brevity’s sake, and since it is trivial, let’s neglect the term L x . An element [a] in the 1 — l 
-cohomology of iW* B ) H , [a] = Eh=z-i,z ( q )=2 a «/s] G d l B x /I l B is represented by an element 


1 

E 7 1)! 


\ct\=l — 1,/(q:)=2 


in S l 1 F B /I B S l x F b ~ I l B 1 /I l B - The element is zero if and only if it comes, in the complex (W* B ) H , 
from some element in (W~ l B ) H ~ S l ~ 1 F B 0 F B , that is if 


E c(e%) a = S 

|a|=i-l,i(a)=2 


E E 

i =1 |a|=Z-l,Z(a)=2 


b a ,i{e* B ) a 0 ej 


2 


E E 

i =1 |a|=/-l,/(a)=2 


that is, if a a = Ei=l b a ,if B ,i, or, equivalently, if a a £ I B , which means that the original function a is in I l B . 
Take now (/z, A) £ B{k , 1 + 1). The only two elements {v, B ) £ B{k , l ) such that the horizontal differential 


taking into account that l sym((e^)“ 0 e* A i ) = b aA (e* A ) a e* A 


an, A 

°v,B 


( w - l B ) 


(W 




H 


is nonzero are (ao/z, A) and {a\p, A). For the first we have, by lemma 


3.12 


_ 

aon.A y _ 2 )! 


(S 


E b a ,i(e* A ) a 8 eXi) 

\a\=l — l,l(a)=2 


(~i )E , 

(i ~i)i a °’ A 


E 


E KiWeXi e s 1 f*a 

\a.\=l — l,l(ot)=2 
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whose class, in the —/-cohomology of {W* A ) H , identified with I l A /I A , is 


(-1 E Ki{fA) a fA,]=[{-l) l - l le ao , A E 

t=l |ct|=Z,Z(a)=2 |a|=Z,Z(c*)=2 

= (-1 ) l - l le ao A<A € /i +1 /4 +2 • 

We have an analogous expression for ai/u. We conclude by lemma pO| and corollary |A.4| □ 

Definition 3.30. The sheaves E l (n, k) := S k V~L Piker D ° D • • • Hker define a finite decreasing filtration 


E k ~ l [n,k) C E k ~ 2 (n, k) C ••• C E 1 ^,^ C = 5*14 


of S fc Vi,. 


Proposition 3.31. Tef 0 < l < k — 1. Over an open set V{jn, the two decreasing filtrations E*{n,k) and 
°f S k VL coincide. Moreover, the differential d 1 ^ 1 : -*- coincides with the 


the operator (—1) (2 ^-D l L : E l (n,k) -«- K l (L). 

Proof. By induction on l. For l = 0, it follows directly from the fact that S' fc 14 = E°(n,k) = 
and from remarks |3.26 and 3.16| Suppose by induction that for a certain l > 1 we have, over Vjj" , that 
E l ~ l (n,k) = (Kj : °) h and that 


j (Z —1)(Z —2) 


l-l 


as operators from k ) = (K®' 0 ) H -«- . Hence = E l (n , k). To prove the formula 

for l + 1 over Vjj ™, we dispose of the explicit definition of operators D l L over such open sets and of lemma 
29 Take (xa)a £ E l (n,k). Then, by definition, D l ff 1 (x\)\ = 0. Hence, for any (v, B) £ B(k,l), we have 
that D l v ~g{xx)\ = [Al B (xx)\] = 0 £ S l ~ 1 N* B ~ I l B x /I l B . Hence 


[d l Mxl,B = (-1 - l)\[A l v , B (x x ) x ] = 0 

we have that, for (/z, A) £ B[k , l + 1) 


3.29 


in S l 1 N b ~ I l B 1 /I l B . By lemma 

[d^ix a)a]( m ,a) =(-l) 


1(1 1)! [ ^a 0 fi,A( X x)\ P 


=(-l)^Z![A^], i+1 = (-1 )^l\Dl A {x x ) x 


1(1 — 1) , 7 v 

=(-l)^»-Z! (D l L (x x ) x ) 


{rA) 


n 


As an immediate consequence of what just proved and of proposition |3.7| we have: 

Corollary 3.32. Consider the differential d l : (j*E®’°) H -«- (j*Ej' 1-1 ) 1 ^ of the spectral sequence 

(. j*E{' q ) H . We have ( j*E°’°) H ~ j*E l - l (n,k) for all 1 < l < k and 

d l = (-1 y-^nfD 1 - 1 . 

Remark 3.33. The previous corollary implies that, for n = 2, the operators D l L coincide, up to constants, 
with the higher differentials d l+1 of the spectral sequence (Ef’ q ) H over the whole X 2 \ consequently, after 
remark [2.23| they are surjective. 

We have finally come to the main theorem of this section: the characterization of the image 4>( S k L I n l) 
of symmetric powers of tautological bundles in terms of kernels of operators D B ~ 2 . 

Theorem 3.34. On the whole variety X n the Bridgeland-King-Reid transform ^(S k L^ n 1) of the k- 
symmetric power of a tautological vector bundle L\ n \ associated to a line bundle L over the surface X, 
is quasi-isomorphic to the term E k ~ 1 (n,k) of the filtration E m (n,k) on the vector bundle S k VL‘- 

$(S k LW) ~ qis E k ~ 1 (n,k) ~ ker D k L ~ 2 . 
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Proof. Recall that the big open set X is defined as X n \ W, where the closed subscheme W has been 



hence, by the previous corollary 

*(S k L W) ~ qis ~jJ*E k ~ 1 (n,k) . 

But the sheaves E l (n , k), for 0 < l < k — 2 fit in the diagrams 


(3.11) 


0 


E L+i (n,k) 


j*j*E + (n,k) 


E l (n, k) 


D'l 


K\L ) 


j*j*E l (n, k) j*j*K\L) 


But now the vertical map K l (L) -*- j*j*K l (L) is an isomorphism after |Sca09al Lemma 3.1.9], since 

K l (L) is a direct sum of restrictions of vector bundles to pairwise diagonals A a of codimension 2 and 
every irreducible component of the closed subscheme W has codimension 4. Since jt,j*E°(n, k) ~ E°(n, k ) 
because E°(n, k ) ~ S k VL is a vector bundle, we conclude by induction on l that 

j*j*E l (n, k) ~ E l (n,k ) 


and that j*j*D l L = D l L for all 0 < l < k — 1. Together with (3.11), this gives the result. 


□ 


Remark 3.35. In the sequel we will never use the spectral sequence E^ q : or its invariants (Ei’ q ) H or 
(E^’ q ) GxH any more; we will just need the operators D l L explained above. Therefore, we will no more use 
the notation d l for the higher differential of a spectral sequence; on the other hand we will use this notation 
for another differential, as the following remark explains. 

Remark 3.36. Suppose that X is a smooth affine surface, X = Spec(i?), with R a finitely generated 
C-algebra. Consider the sheaves J l Ox of l- jets over X (see, for example ]Gro67l 16.3.2]). The sequences 


0 


s l n\r 


J l O x 


J l ~ l Ox 


0 


(3.12) 


split because X is affine: let r : J l Ox -► S l $R x the morphism of C^-modules defining the splitting. As 

a consequence one can define a higher differential d l : Ox -► S l iV x as the composition 


d l : Ox 


J l O 


x 


In 1 
X 




where the first morphism ji is the jet projection. Equivalently, we can define d l via the formula d l f = 
jif — ji-ifi where J l ~ 1 Ox is seen inside J l Ox via the splitting. On the other hand we can define another 
differential d l A in the following way. Note first that the sheaves O x i/I l A [ and (J l Ox) a are isomorphic; 


however, they are just isomorphic as sheaves, and not as Ox 2 “ mo d u les. In any case the splitting of (3.12) 
together with the isomorphism of sheaves Ox 2 /I l \ 1 — {J 1 Ox)a induce a morphism of sheaves 


Z+l 


Ox 2 /4 

The differential d l A is then defined as the composition: 


(sW x ) A 


(3.13) 


d l A 


: -► O x ,/I G 


Z+l 


(S l tf x )i 


► O x followed by the morphism (3.13). 
Analogously, for any A C {l,...,n}, |A| = 2 


of the jet projection j A : O x 2 


0 X n 


we can define a higher differential d l A : 
(S 1 Q.^)a- Again, d l A is just defined as a morphism of sheaves and not of O x ™ -modules. We will 
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denote with j' A : Ox ~ -*■ the partial Z-jet projection. If A = {a 0 ,ai}, ao < ai we have that, 

on a global section /i (g) • • • (g> f n G I?®" of , where /,; S I?, the partial differential acts as 

4(/i®• • • ® U) = a l A (f A )mf A = (f ao d l f ai ) s 1 q} r ® R® n ~ 2 


where for a multiindex B C {1,... ,n}, we indicated with fp the element fp := ©ies/ij and where we 
identified (S l tt] x ) A with (S l Cl x ) A Kl O x a via the automorphism 

With these notations the operators D 1 A : E l (n, k) -*■ K l can be written as: 


Dl, A (x a)a= E 

0ec n (i+i) \ P y 
As=o 

and can hence be extended to operators D l A : S k Vo x - 


0/9/J 


A . 


As a consequence of theorem 3.34 we have the following explicit characterization for the image of the 
Bridgeland-King-Reid transform p*q*S k O as a subsheaf of S k Vo x ■ The proof follows immediately form 
remark 13.361 


Corollary 3.37. Let X be a smooth affine surface. The sheaf p*q*S k O x ^ over X n is the subsheaf of 
S k Vo x whose sections x = (x\)\ £ S k Vo x = ®Aec„(fc)C , A' satisfy the system of higher order restrictions 
D°x = 0 = D 1 x = ■ ■ ■ = D k ~ 2 x, or, equivalently 


Y, i- 1 ) 0 ( l+ o 1 )d l Ax^) = ° V( ft 4)eB(M + l),0<I<fc-2 

/3ec„(i+i) \ P y 

0A= 0 


Remark 3.38. The operators D l L are essentially the -invariant version of the operators <pi in Krug’s 
work |Krul4| . However, the way these operators are found is completely different: Krug analyzes closely 

the natural morphism p*q*L^ © • • ■p*q*L\ n 1 -► p t q*(L^ n 1 ® ® L^) C C® ® ® C°, while we work 

out explicitely the higher differential in the spectral sequence (j*Ef’ q ) ek . 

Remark 3.39. As mentioned in the introduction, higher order restrictions of the kind of D l L appear 
naturally in presence of nontransverse intersections. The easiest nontrivial example is that of three distinct 
lines £i,£ 2,^3 in the plane C 2 , intersecting in a point P. Let Z be the scheme-theoretic union of the three 
lines. Consider its structural sheaf Oz- The natural sequence 

0-«- Oz -*- ©j O ——► ®j<j Ot-r&j -► 0 


is not exact at the center (nor at the right). Indeed, to determine the sheaf Oz it is not sufficient to 
consider triples (/i,/ 2 ,/ 3 ) of regular functions fi over lines A: pairwise coinciding at the intersection point 
P (that is, such that d°(fi, f 2 , /a) = 0). We have to impose a second condition that the derivatives of /,; in 
P have to be dependent. The condition on derivatives may be given in terms of a higher order restriction 

d 1 : kerd 0 -► Op (see |Sca051 Remark 2.1]). Hence, setting F l := ker cf -1 , the sheaf Oz can be see as 

the last term of a decreasing filtration Oz = F 2 C F 1 C F° = ®iOi i of ®iO^. 

In our situation, to be non-transverse are the irreducible components Z, of the Haiman polygraph 
D(n,k) C X n x X k or better of its ©^-quotient Z = D(n, k)/&k Q X n x S k X. Using the hyperderived 
spectral sequence associated to the derived tensor product K Zl K Zr of the complexes 


K Zj : 0-► Ox^xS^x -*■ Ozj -► 0 

in the spirit of [Sca09bl section 3.2], one could characterize the structural sheaf of the polygraph in terms of 
higher order restrictions D l . Pushing everything forward to X n , we would get the higher order restrictions 
D l L for trivial L. For nontrivial L, one has just to straightforwardly tensorize the complexes AW with 
adequate pull backs of the line bundles L as in IScaOflbj . 
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We finish this subsection proving a useful formula for the higher order restrictions D 1 ^ A in terms of 
analogous operators for the case of two points. 

Notation 3.40. If n = 2, then the indication of the subset A = {1,2} will be omitted and we will just 
denote with D l e the operator D l g ^ 2 ,, with 0 a composition of k — l — 1 supported in {1, 2}. 

Notation 3.41. Let n}, |H| = 2, and let fi be a composition supported in A. Denote with q A 

the projection 

r A - s k v L ~ 0 /. A -0 0 . 


AGc n ( k ) 


Pa =o 


2.15 


the term on the right corresponds to S k W ( L a 


Under the automorphism (cr A )*, defined in remark 
L ai ) E ZA Denote with q A the composition of morphisms 

:=M,o r A -S k V L -* S k ~^{L ao ®L ai )ML^ . 

Remark 3.42. Let (p,A) £ B(k,l + 1). Consider an affine open subset of the form U n , such that U is 
an affine open subset of X over which L is trivial. In the identification X n ~ X A x X A , we have, over 
U n ~U A x U A : 

Dl, A = (Dl A Mid)oq^ . 

Proof. Remark first of all that, necessarily, l + 1 < k — \n A \. In the identification X n cx X A x X A the 

sheaf corresponds to Ox^/I 1 ^ 1 E O x a- Now the automorphism (oyt)* : O x * -► O x a ^O x a, 

satisfies the commutation relation ( j l E id) o (cta)* = (ca)* ° j l A - Hence, in the 


2.15 


introduced in remark 
identification U n ~ U A x U A , 




/^GCn. (Z + l) 

Pa= 0 


= E (- 1 )' 


/3£Cn. (Z+l) 
Pa =o 


= E (- 1 )' 


p£c n (£+1) 

Pa =o 


l + l 


l + l 


(j l Mid)(a A )^(x 0fl ) 

(j l ^id)(a A )4x PltAflA ) 


= (D^Eid)o«^((:r A ) A ) 


□ 


Proposition 3.43. Let r be an integer, 0 < r < k — 1. If x £ E r (n,k) C S k VL, then, for all composition 
v supported in A, with \v\ < k — r — 1, we have q A (x ) £ E r {2,k — \v\) IE L u . Moreover, if x £ E r (n,k), 
r < k — 2, for all 0 < l < r and for all {/i, H) £ B{k , l + 1), then \/-i A \ < k — l — 1 and 

d I,aX = (Dl A E id) o (f/ (; x) . (3.14) 

Proof. By complete induction on r. For r = 0 we just have E°(n,k) = S k VL and E°(2,k — \v\) = 
S k ~' u '(L ao © Lai): hence the first statement is trivially verified. For {p,A) £ B{k, 1), we just have to 
compare D° A with (D° A E id) o q A A under the identification given by a A : this follows trivially from the 
definitions, since the operators in question are just difference of restrictions. Suppose the proposition holds 
for r. Let x £ E r+l (n , k) and v a composition supported in A , \u\ < k — r — 2. Hence \v\ < k — r— 1, and by 
inductive hypothesis, q A (x) £ E r {n,k — \ v\)M L u . We need to prove that q A (x) £ E r+1 (n, k — \is\) E L v \ to 
do this, we just need to prove that for all 9 £ c 2 (k — \ v\ — r — 1) (D g Eid) oq A {x) = 0. Via the identification 
a A we can think of 8 as a composition 9 £ c„(k— \u\ — i — 1) supported in A, and hence Ov as a composition 
of k — r — 1. By the inductive hypothesis we have 


D 0 V X = {D r g E id) o q A (x) = 0 
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since x £ E r+1 (n , k). Hence q A (x) £ E r+1 {n , k — |i/|) IS] L v . 

In order to prove the second statement we just have to prove the case l = r + 1. Therefore, suppose 
that (/z, A) £ B(k,r + 2). Then k — r — 2 = |/i| = \fi A \ + \/J>a\ which proves that \/jl a \ < fc — r — 2 = k — l — 1. 
Then, by what we just proved, q A A {x) £ E r+1 (2,k — \^ A \) SI L fJ ’ A . But then we can apply the operator 
D SI id to (f A (x) and hence compare, via the identification provided by (cr a)*, the operators ZTj 1 and 


UA 

(D r+1 


S id) o q A . This can be done locally on an affine open set, and hence follows from remark 


3.42 


□ 


3.6 Invariant operators 

In this last subsection we apply theorem 3.34 to obtain a description of the direct image qi*S k L^ over the 
symmetric variety S n X in terms of kernels of invariant operators (D l L ) G . We will also give explicit local 
formulas for the operators ( D l L ) G . 


3.6.1 G-invariant operators 

We start by defining G-invariants of the sheaves appeared in the previous sections. Remember that the 

map rji : B(k,l) -► A(k,l) sending a couple (0, A) £ B(k,l) to {v{9 A ),v{9 A )) — where v(0 A ) and v{0 A ) 

are the partitions associated to the compositions 9 A and 9 Al respectively — is the quotient map for the 
group G acting on B(kJ). 

Notation 3.44. Let l an integer, 0 < l < k — 2. Write IC l (L) := K l (L ) G . For (/z, v) £ A(k, l + 1), denote 
with K}^ „ the sheaf: 


■= 


. (8,A)eB(k,l + 1 ) / 


Remark that the sheaf „ is isomorphic, by Danila’s lemma, to (tt*K^ 6q J 4 0 )) StabG< ' S °’ A °\ w l 16 re (0o, Ao) 
is a chosen point in 70 (yz, v). 

Remark 3.45. It is evident, after what we said in the beginning of subsection |3.5| and even more after 
corollary 


3.32 


and theorem 


3.34 


that the G-sheaves K l (L ) are isomorphic to the terms (E x 




of 

subsection 2.3 In particular, if iji(Q,A) = (/z, z^) with /z of the form {h,h) : Stabc;(0,A) contains the 
subgroup G(A) — © 2 , which acts on 7 r*i 0 A ^(L) via the alternanting representation £2 and makes the 
invariants 0 L)) StabG ( £) ’" 4 ) vanish. 

By remarks |3.45| and |2.6| we have, over S n X: 

(S k V L ) G ~ 0 £\ (. K\L)) g ~ 


\ri 

IK '\±,v 


© 


/c, 


0 irl 

AGPn(fc) (/i,0)Gi4(fc,l+l) (^,iy)GA 0 (k,l-\- 1) 

Notation 3.46. Denote with £ l (n,k ) the sheaf of invariants £ l (n,k) := E l (n,k) G over the symmetric 
variety S n X and with S> l L the G-invariant operators 

&l--= (D l L ) G : £ l (n,k) ► IC l (L) . 

For {n,v) £ A(k,l + 1), denote moreover with the (/z, u) component of S> l L . Note that, if (/z, v) £ 
A 0 (k, l + 1) the component & is identically zero. 

Since in our context taking G-invariants is an exact functor, we have keri0 = £ l+ 1 (n,k). As an 


immediate consequence of theorem 3.34 we have the following 

Theorem 3.47. Over the symmetric variety S n X the sheaves £ l (n,k) define a finite decreasing filtration 
of (S k V L ) G such that 


k -2 


R n,S k LW ^ ^S k L W ~ £ k ~ 1 (n, k) = ker 

We now proceed to find explicit local formulas for the operators @ l L \ these formulas will be essential in 
section [4] Before we begin, we give the following notation. 

Notation 3.48. Let r a nonnegative integer. For A £ c„(ri), /z £ c n {r 2 ), with A > p (according to notation 


3.11), set as /3 = A//z the composition defined by /3, = A,; — /z,;. 
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3.6.2 The case n = 2. 


For n = 2 we have that B(k , Z) identifies to the set C 2 (fc — Z) of compositions of k — l of range 2 and A(k, l ) 
identifies to the set p 2 (^ — l) of partitions of k — l of lenght < 2. Hence we will simply write K l (L), 
with p G C 2 (k — Z — 1) for the components of K l (L) and D 1 ^ for the components of D l L ; analogously if 
p G p 2 {k — Z — 1) we will just write K) for the components of IC l (L) and @ l for the components of 9> l L . If 
p G P 2 (k — l — 1), the component of the differential S>\ j is given by the composition 

2>l:£ l {2,k) = n4E l (2,k)f ^ n*(E l (2,k)) . 

Since £ l (2, k) C (,S fc T4,) G — ©Ae P ,(fc) we write a local section x G £ l {2 , fc) as 

Recall that if I is a finite set equipped with a transitive action of a finite group G and M = 
is a G-module, where the G action on M is compatible with the G action on I (see [Sca09a l section 2.4]), 

the isomorphism of Danila’s lemma M® tabG ^°) ~ M G , with i 0 G /, is given by u I-► S[ g ]eG/Stab G (i 0 ) 9 U ' 

Here G/Stabc^o) has to be seen just as a collection of cosets. Hence the map 

0 C x ~ t u(S k V L )° ^ 7 uS k V L = 0 7T*L A ' 

AGp2(fc) X'Ec2{k) 


is given by (x\)\ I-*- (xv)a' where A' runs among compositions of the form A' = a A with <r G G and 

A G p 2 (fc) an d where x ct a = a„X\. Now take (xa)a a local section of £ l (2, k) over an affine open set of the 
form S 2 U, U being an affine open set of X such that L is trivial over U. By what we said, if p G P 2 (k — Z — 1), 


A') A' 


= E 

pec 2 (i+i) v M 7 


E (- l ) v/, ‘ 

A / Gc 2 (fc), A'>/x 
ctGC?,AG p2 (fc) 





xZ + l 
J A 


where the last term is seen as a local section of KJ fl = 7r^O^ 0 L k )x, since the sum inside the square 
bracket belongs to I l A <8> L k . 

Example 3.49. Take k = 3. Then ( S 3 Vl) g — ©vep 2 ( 3 ) ^ A = £ 3 ® G 2 ’ 1 - A local section x of ( S 3 Vl) g 
over an affine open set S 2 U, where U is an affine open set of X such that L is trivial over U, can be written 
as (x 3 t o, X 2 ,i). Suppose that x G £ 1 (2 1 3). Then 


@(i,o) x = 


2 

(3,0)/(l 


(_1)(3,0)/(1,0) 

+ (_ 1 )( 1 > 2 )/( 1 > 0 ) 


, 0 ) ) I < s ' o » + <- 1 > l 2 ' I>/( 1 ' OI (( 2 , 1 ) / ( 1 , 0 ) ) I < 2 ' 1 >' 


( 7 * 12,1 


(1>2)/(1,0) 

(- 1 ) 2 aj(3,0) + (-1) 1 21(2,1) + (-1)° cr*X2,l 


— [213,0 — 2 x 2,1 + cr*X 2 ,l]/2 . 


If 213,0 = /®flG H°(X, L 3 ) 0 H°(X, Ox), x 2 ,i = 51 ® J2 € H°(X, L 2 ) 0 H°(X, L) are global sections of 
G 3 and G 2,1 , respectively, we can write, if x G £ 1 (2,3)(S 2 X), 


^(i,o) (/® a, ffi 0 32 ) = fda - [ 51 , 32 ] G Ff°(X,fZV 0 L 3 ) 

where [•, •] is the braket H°(X, L 2 )®H 0 )X, L) -*- H°(X, 0G 3 ) defined locally by [ 31 , 32 ] := 2 g\dg2 — 

32 CZ 31 . This bracket appears, for example, in l(iref) l| . 
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3.6.3 The general case. 

Let’s discuss now the case with general n. We will use the following diagram: 



where 7r is the @ 2 x & n -2 quotient map and v is the induced map from the partial to the total quotient. 
Take (Q,v) £ Ao(k,l + 1). The component of the G-invariant differential @r L is, by definition, the 
composition: 


■e,v 


: S l (n, k) = (tt*E l (n,k)) c 


*E l (n, k ) 


.d, 


l 

0v,{12} 


tt*k: 


Bv, {1,2} 


(L) 


Note that starting with an element in £ l (n,k) = (tt*E 1 (n, k)) G , that is, invariant by G, we will correctly 
finish with an element &\ iV x £ TT*(K l gi/ ^ 2 j (L)) stabe ™-~ K, l gv ~ v*((S l Clx 0 £ i + 1 +l 6 'l) A H £"). We 


want to find a simpler way to write it, along with an explicit local expression. 


Notation 3.50. Let fi, v two partitions of i and m — i, respectively, for i, m nonnegative integers with 
i < m. We denote with hUo the unique partition of lenght l(/x) + l(v) associated to the composition of 
to = |/x| + \v\ with value Hj if 1 < j < l(p) and i'j-i(H) if 3 > Kt 1 )- 

With this notation, it is easy to see that over S 2 X x S n ~ 2 X , 


(S k V L ) 


©2 X ©n-2 


© 


H O' . 


(3.15) 


l(/j,)<2,l(v)<n-2 

mIJ ^epn(fc) 


Notation 3.51. For a partition z'o of l, 0 < l < k, l(v o) < n — 2, denote with q „ 0 the composition of maps 

q VQ : (7 uS k V L f c— (7 T*S k V L ) G * X6 ™-* ~ 0 MC V ) -► 0 ISI r°) . 


!L,l/ 

l(n)<2,l(v)<n-2 
(‘LJl'e Pn(fc) 

where the isomorphism in the middle is induced by |3.15[ 
Lemma 3.52. The diagram 


A»ep2(fc-ko|) 


(7 uS k V L f - 


*G 


0 7T,(L'‘ir») 62XStabs »-2 (,,0 )~ 0 v*(£, 8 M C v °) 

^ec 2 (k—\uo\) nep 2 (k—\i'o\) 

^©2 xStab© 2 (i/q) 


_ qky 7r * (^{1,2} ) 
7T^O VL 


0 

juec 2 (fc—| ko|) 


where the vertical maps are natural injections, is commutative. In the second line of the diagram 
v o is thought as a composition of supported in {3, ...,n} via the unique order-preserving bijection 
{1,..., n — 2} ~ {3,..., n}. 


Proof. It is sufficient to check the commutativity locally on an affine open set, where we can identify sheaves 
with the modules of sections. Let M be the module of sections of ©Aec„(fc) tt*(L a ), G = 6 n , I = c n (k), 
J = c 2 (fc — |zx 0 1) x {^oli H = & 2 x Stabg ri _ 2 (v 0 ). Then the commutativity of the diagram follows directly 
from the following lemma, whose proof is straightforward, noting that q Vo = p*j o io,H- 

□ 
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Lemma 3.53. Let R a commutative C -algebra. Let G a finite group and H C G a subgroup. Suppose that 
G acts on a finite set I and let M = be a R[G]-module such that the G-action on M is compatible 

with the G-action on I. Let moreover J C I be a subset of I such that J is H-invariant. Set Mj = © ie jM, 
and letpj the projection M -*- Mj on the summands in J. Then the following diagram is commutative: 


M a c lG ’ H „ m h Pj ►► Mf 



where ia, ic,H, ij,H a,nd in are natural injections. 


We now come to the G-invariant version of formula 
operator 3) l e over S 2 X. 


3.14 


expressing an operator 5^ v in terms of the 


Proposition 3.54. Let r be a nonnegative integer, r < k — 1, let x be a local section of £ r {n,k) and let 
vq be a partition of weight \vq\ < k — j— 1 of length 1(vq) < n — 2. Then q^ 0 {x) £ v*(£ r (2, k — |z^o|) ® G 1 ' 0 )- 
Moreover for all integers l, 0 < l < r, and for all 9 £ P 2 (k — \vq\ — l — , 9 ^ ( h , h), we have 


^iL„0) = ^ id) o q Vo (x) . 


(3.16) 


Proof. If x £ £ r (n , k) then x £ n*E r (n, k) G . Now by proposition 3.43 the image of E r (n, k) for q 2 j is in 
E r {2, k — |i/o|) Kl L v °. Hence by lemma 3.52 we have 

q V 0 (x) = 7t.(^ i2} )(*) € n*(E r (2,k - | 1 / 0 |)Br) 62xS “ b V 2 W ~v*(£ r (2,k- H)EI^) . 


This proves the first statement. 

As for the second, the invariant operator $$q iVq is computed by Danila’s lemma as @g t „ 0 = ^*{D l gvQ r x 2 j)o 
* G . Hence, by lemma [3. 5 2| and by proposition |3.43| 

®e,v 0 (x) = M D L 0 ,{i,2}) ° 1 g(x) = n*\( D d ® id )Q{°i,2}] 1 g(x) 

= K*{D l g Kl id)7r*(g^ 2} )* G (a;) = IE id)i S2 xStab Sn _ 2 Go)^o( a; ) 

= n*(D l g IE id)u*(«e 2 El *stab e „_ 2 (i'o))&'o( a; ) • 

Write now tr : X n -*- S 2 X x S n ~ 2 X as iti x 7r2, where fri and 7f 2 are the two projections from X n -► S 2 X 

and X n ~ 2 -«- S n ~ 2 X, respectively. Then: 


0 W =v*n*(D l g E id)u*(i e2 E *st a b Sn _ 2 G 0 ))^oO) 


=v* 


((■Al *Dfj ) o Jgj) E *Stabg (v 0 ) 9v 0 ( x ) 


=V*(S>0 Kl *Stab e „_ 2 Go))^o( ;c ) = v *(@6 ® • 


The last equality follows from the fact that the term u*(^gKlig ta b e 2 {v 0 ))qv 0 ( x ) is naturally Stabe rl _ 2 {yo)~ 
invariant and hence seen in Tr*(K l g !2o (Z/)) e2xStabs '‘- 2 ^ ! ' td and no t j us t in n*(K l 6 ^(L))® 2 . □ 


3.6.4 Action on global sections. 

We finish the section by expliciting how the invariant operators 3) 0 v act on global sections of the sheaves 

£ l (n , k). 

Notation 3.55. Let A a partition of fc, A = (Ai,... , A r ). The exponential notation for the partition A is 
the writing (l a d A ), 2 a2 ^ x \ ... where a\ i (X) is the number of times the integer A .* appears in the 

list (Ai,..., A r ) and where Ai = m\. We will also write A = * Q< ^- 
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Thanks to the exponential notation of partitions we can express the global sections of sheaves ( S k Vi,) G 
and K} g . For brevity’s sake we just write H l (F) for the z-th cohomology of a coherent sheaf F over 
the surface X; if A € p m (k), recalling notation 2.17 we will also write instead of the longer 

H l (S m X, £^). First of all, if p is a partition of h of length l{p) < m, we have: 

m i_u 


Then: 


H°(S n X, {S k V L ) G ) ~ 0 H°(S n X, C x ) ~ 0 (0 H° (L i ) 0 S n ~ 1 ^ H°(O x ) 

\&Pn(k) \&Pn(k) »=1 

H°(S n X , £&,„) = H°(S l n x 0 Ll®l+ i+1 ) 0 H°{S n ~ 2 X, O') 

m u 

= H°(S l n] x 0 Z, |0|+J+1 ) 0 0 S oli ^H°(L i ) 0 S n ~ l{ - v) - 2 H°(O x ) 


Now, by proposition 3.54 in order to explicit the action of the operator ^ ^ on global sections, it is just 


sufficient to understand how the morphism g„ 0 acts at the level of global sections. Let A be a partition of 
k and let A = // J] v: in the exponential notation we can write A = J|" =1 M = H/Li 17 = TIT=i 
with at = Pi + 7 i. We define the operators 


C : 


H"(Of)®H"(Of_ 2 ) 


as follows: 


• if Z(/z) = 2, then z* jt , is defined as the natural map 

t* „ : tf°(£n) ^ 0 S a 'H°{L l ) 0 S n -^ x) H°{O x ) 0 S Pi H°[U)®S^H°[U) 0 S n ~^ x) H 0 (O x ) 

i i 

induced by the inclusions S ai H°(L l ) d—► S^H°(L l ) 0 S Ji H°(L l ); 

• If Z(/z) = 1, then p, in exponential notation is /i = zj for some zo: for this zo we have aj 0 = 1 + 7 i 0 . 
Hence the map z^ „ is then the compositon 


i x v ■ H°(C X ) ~ 05 ,Qi 7F o (L i )05 n - i(A) 7F°(C> A -) FT o (L io )®0 S' 7l .ff 0 (L0®S n - i(A) .ff 0 (O A -) 

i i 

^ H°(L io ) ® IF 0 (C>v) ® S^H°{U) 0 5"-dA)- 1 iJ 0( Ox ) _ g H°(C v n _ 2 ) 

where the first map is induced by the natural injection S ai oH 0 {L l °) c-«. H°(L l °) 0 S' Yi oH°(L l °) 

and the second by the injection S n ~ 1 ^H°(O x ) c —► H°(O x ) 0 H°(O x ). 

For a partition z/ 0 with Z(r'o) < n — 2, the morphism q Vo , at the level of global sections is the composition: 

Qi'o : 0 “ 0 H°(C 2 ) ® H°(C^_ 2 ) *- 0 H°(Of)®H°(Of )_ 2 ) 

Aep„(fe) fj,,v£p n (k) P&Pn(k) 

l(p)<2,l(v)<n-l Z(/i)<2 

where the first map is induced by the morphisms z A „, while the second one is the projection onto some 
summands. Then, at the level of global sections we have: 

Corollary 3.56. Let r be a nonnegative integer, r < k— 1 and uq a partition of weight \i/q\ < k — i —1 and of 
lengthl(iy 0 ) <n — 2. If x€ H° (S n X , S r (n, k)), then Q Vo (x) £ H 0 (S 2 X,£ r (2,k—\h , o\))®H 0 (S n ~ 2 X,0^°_ 2 ). 
Then, for all integers l, 0 < l < r, and for all 9 £ P 2 (k — \vq\ — l — 1), 6 ^ (h, h), we have 

= {®e ® id ) 0 Quo 

where £> l g is the operator for the n = 2 case, acting on the factor H°(S 2 X,£ r (2,k — \no\))- 
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As an application of this corollary we could now give another proof of the following theorem by Danila 
IDan07l . We will indicate more briefly with H°(£ r (m, k)) the global sections H°(S m X,£ r (m,k)). 

Theorem 3.57. Let X a smooth algebraic surface with H°(Ox) — C (for example a smooth projective 
surface) and let L be a line bundle on X. Let k,n GN, with n/ 0 and k <n. We have 

H°{XW,S k LW) ~ S k H°(X, L) . 


Sketch of the proof. Just to give a sketch of the idea, H°(X^ n \ S k L) n 1) can be identified as the kernel of 

the recursively defined operator 2 i fff~ 2 : H°(£ k ~ 2 (n 1 k)) -► H° (IC k ~ 2 (L)). Now, if H°(Ox ) — C it is not 

difficult to see that ker 2*f ~ H°(£ 3 (n, k)) is already isomorphic to S k H°(X , L). Indeed, there is a natural 
map H°(£ l (n,k)) - *- S k H°(L ), given by the composition 

H°(£\n, k)) ^ H°((S k V L ) G ) ~ ®\e Pn (k)H °(£*) -► H ~ S k H°(L) . (3.17) 


Analyzing more in detail the map 2® : H°((S k VL) G ) — 
map above is injective. We won’t give more details here. 


H°(f£°(L)) one could prove that the natural 


On the other hand since H°(Ox ) — C, for any A £ p n (k ), written as A = TIi=i i n exponential 


notation, there is a natural contraction c\ : S k H°(L) 


H°(C k ) ~ <g )"l\S ai H°{L l ). It is not difficult 


to see that, if x G S k H°(L), the element (c\x)xep n (k) is in H°(£ 1 (n, k)); this proves that the natural map 
(3.17) is an isomorphism. 

Moreover, one can see with a little more work, thanks to the characterization of H°(£ 1 (n, k)) given by 
the above isomorphism, that all higher operators 2 l L are zero restricted to H°(£ 1 (n, fc)); hence S k H°(X , L) 
can be identified to ker 2 k ~ 2 ~ H°(£ k ~ 2 (n, k)) ~ H°(X^,S k L^). □ 


We now make a couple of examples of computations of operators 2( j, which will be useful in the sequel. 

Example 3.58. (Affine case for k = 3). Let X = Spec(i?) a smooth affine surface, where R is a finitely 
generated C-algebra, and let L be the trivial line bundle over X. We will identify coherent sheaves over 
X with their modules of global sections. Hence a global section x of C 3 ® £ 2,1 ® T 1,1,1 can be seen as 
an element of (R ® S n ~ 1 R) © (i? 8 R 8 S n ~ 2 R) © (S 3 i? 8 S n ~ 3 R). Then a; is a sum of elements of 
the form y = (/ 8 a,5i 8 8 6, /©/ 12/13 8 c). where f,gi,g 2 ,hi,h 2 ,h 3 G R, a = a \... a„_i £ S n ~ 1 R, 
£> = &i... 6„_2 G S n ~ 2 R, c G S n ~ 3 R. . Suppose that x belongs to £ 3 {n, 3). The operator 2f ^ 0 ^ acts on 
each of the summand of x of the form y as: 

^(i)( 0 )(y) = f dai ® _ [ 2 3 i rf 32 - 32 ^ 31 ] 8 b G 8 S n ~ 2 R = A( 1)(0) , 

i 

where we indicate with a* = a\- ■ ■ a,;_iai+i • • • a n _ 1 G S n ~ 2 R. 

Example 3.59. (Affine case for k = 4). With the same hypothesis of the previous example, a global 
section x of £ 4 © £ 3,1 © £ 2,2 © T 2,1 ' 1 © T 1 ’ 1 ’ 1 ’ 1 can be seen as an element in (R ® S n ~ 1 R) © (R 8 R 8 
S n ~ 2 R ) © (S 2 R® S n ~ 2 R) © (i ?8 S 2 i ?8 S n ~ 3 R) © (S' 4 !?® S n ~ 4 R). Then x is a sum of elements of the form 
D = (/ ® a, 31 ® g 2 8 6 , hih 2 8 c,k ® ^ 2^3 8 d, mi... 777.4 8 e), where /, g^, hj, ki, m s G R, a = 01 ... a n _i G 
S n ~ 1 R , b = b\... 6 „_ 2 , c = Ci... c „_ 2 £ S n ~ 2 R , d £ S n ~ 3 R, e G S n ~ 4 R. Suppose that x is in S 1 (n, 4). 
Then the operator fid acts on each of the summand of x of the form y as: 

^( 2 )(o )(v) = ^2 f da i ® - 2gidg 2 8 b + [hidh 2 + h 2 dh 1 ] ® c £ ® S n ~ 2 R = /C 4 2 )( 0 ) 

i 

gidbi 8 g 2 8 h — 2fc[dfc 2 8 fc 3 + dfc 3 8 /c 2 ] 8 d+ 

i 

© [fodfc ® /c 3 © k^dk ® /C 2 ] 8 d £ ® !? ® S R = ^©i)(i) 

Suppose now a: £ S 2 (?r, 4). Then the operator ^ 2 acts on each summand of 27 of the form y as: 

^( 2 i)( 0 ) ( 3 ) = (- fd 2 a.i 8 Si + 3g 1 d 2 g 2 8 6-3[/iid 2 /i 2 + ^d 2 ^] 8 c 

+ 32d 2 gi 8 b G S 2 fl\ t ® S n ~ 2 R = Xf im 
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4 The filtration W* on the direct image fi*S k L\ r ' 


The filtration £ m (n,k) of ( S k VL) G found in the previous section, together with theorems 3.34 and 3.47 
cannot yet be used to get precise information on the sheaf p*S k L for general n, since, in the case n > 2, 

the operators t 3 l lj : £ l (n,k) -► /C ; (.L) are not surjective, as it will be clear in the sequel; at the same 

time, it seems difficult to understand directly the graded sheaves grf of the filtration £* := £*(n,k). In 
this section we will introduce another filtration V* of {S k VL) G ■ The two filtrations V* and £* will induce a 
bifiltration V* n£* of ( S k Vi) G and hence a filtration W* := V* n£ k ~ 1 (n, k) of £ k ~ 1 (n, k ) ~ p*S k L^ n 1. For 
the filtration W* things behave in an a better way, so that it is easier to guess the graded sheaves gr^; as a 
consequence we will be able to deduce results on the cohomology of S k L ["1 for n = 2 and general k and for 
general n and low k. We think, however, that similar results may be obtained in complete generality (see 


subsection 4.4). We begin the section defining the filtrations V* and W* and with some general notations 


and preliminary lemmas. 

Definition 4.1. Let n £ N, n > 1. Denote with < r i ex the reverse lexicographic order on the set of 
partitions. For /i £ p n {k) set: 

: = © ■ ( 4 - 1 ) 

AGpn(fc) 

A^rlexM 

The sheaves define a finite decreasing filtration V* on {S k Vj,) G . Denote with W* the finite decreasing 
filtration of £ k ~ 1 (n, k) ~ p^S k L} n \ indexed on p n {k), induced by V*, that is 

W* := V m n£ k ~ 1 (n,k) . 


Remark 4.2. For any total order =<: on the set of partitions p n (k ), the analogue of definition 4.1 that is 
V" := © A6Prl(fc) , xyfi C x , defines a decreasing filtration on ( S k Vi) G and hence induces a decreasing filtration 
W* = V* n £ k ~ 1 (n, k) on £ k ~ 1 (n, k ) ~ p^,S k L^. In this section we will use the reverse lexicographic order 


as total order on p n {k); on the other hand in subsection 4.4 we will explain how, if we hope to express 
a nice general result on the graded sheaves grj© it’s better to use another total order =<:, introduced in 


definition 4.44 The two orders concide on partitions p n {k) with k < 5. 


Notation 4.3. Let m, n £ N, 2 < m < n. Denote with A m the subscheme of X n whose ideal sheaf I& m 
is the intersection of ideal sheaves /a 7 of pairwise partial diagonals A/, I C {1,... ,m}, |/| = 2. It is the 

inverse image of the so-called big diagonal in X m via the projection p m : X n -► X m onto the first m 

factors. 

Remark 4.4. An important fact about powers of the ideal sheaf of the scheme A m in X n is the following 
equality. Over X n , for all s £ N one has: 


n j a,= n =/ A m ( 4 - 2 ) 

\I 1=2 |/|=2 

This fact has been proven by Haiman in (HaiOlt Corollary 3.8.3] for n = m and follows trivially for m < n 


by taking the pull back p* m of (4.2) via the projection p m : X n -*- X m . We will use this fact in what 

follows. 

Notation 4.5. Let p £ c n (k), l £ N, m £ N, with 2 < m < n. We denote with L^(—lA m ) the sheaf over 
X n defined by: 

L^(-lA m ) :=L»® H ■ 

\I 1=2 


Note that, by equality (4.2), the sheaf L^(—lA m ) can also be defined by L Ai (— lA m ) := ZA <g> which 


justifies the notation. Now, if p £ p n (k) is a partition of k of lenght l(p) denote with £ M (— lA) the sheaf 
over S n X defined by 

C^(-IA) := tt * (L^-lA lM )) StahGill) . 
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In case we need to emphasize that the sheaf £ M (—l A) lives on S n X we will write £(J(—ZA) instead of just 
C^(-IA). 

Remark 4.6. Let I C { 1 ,.... n\ . |J| = 2. The restriction j\ : I l Ai - «- I l Al /I A j 1 — ( S l Cl x )i of the partial 

jet projection j\ (see remark 3.36) to the ideal I l Ai C 0 X n induces a global map, that will be indicated 
again with d\: 

d l r .u*® i l Al :A ® 4 r /j '+ 1 ~ (s l q} x ® 1)^)1 0 m. 


Notation d\ has first been introduced in remark 3.36 if L = O x ; the notation we are giving here is 
compatible with the previous one. With the help of the differentials d\ we can define a differential 

d l A :L»(-lA m ) - ^ ® ldli 




0 0 (s 1 ^®^ I)/0LW. 


7C{l,...,m} 

|/|=2 


7C{l,...,m} 

\ I\=2 


7C{l,...,m} 

|7|=2 


whose kernel is easily seen, after (4.2), to be L M (—(l + l)A m ). Remark that if supp /7 = {1,... , to} the 
differential d Am is Stabc^-equivariant. Therefore, if p £ p n (k ) and m = l(p), applying the functor 
^Stabcf^ p rev j ous ma p d escenc i s to a differential, noted with d l A 

Stab g(aO 


d l A : C^(-IA) 


Its kernel is kerd A = £ M (—(l + 1)A). 


0 tt* 0 ilwl)j0L^) 


7C{1.!(#*)} 

17[=2 


(4.3) 


Example 4.7. For any p £ 02 (h), the differential d l A o is a map d l Ao : L M (—ZA 2 ) -*- (S^Q^ 0 L k ) a, and 

its kernel is L M (— (Z + 1 )A 2 ). For any /i £ p 2 (k) of lenght exactly 2, d A is a map 

d^ : C^(—IA) -► [^((5 Z 0^ 0 L k ) A 01 0 S n-2 X )] stahe ^ 

of kernel £ M (— (l + 1)A). Again, if p ^ (h, h ), the stabilizer is trivial. 

Example 4.8. Let p = l k in exponential notation. Then d l A is defined over S k X as: 


d l A : C 1 (-IA) 


B«((y^0F) a®/: 1 ) 


where ©2 is naturally acting on the factor (S l fl x ®L 2 ) x with the sign (—l)b Hence, if l is odd, C 1 (— IA) ~ 
£ lk (-(l + 1)A). 

Remark 4.9. The restriction of the operator to C } k : 

®l\ clk : C 1 " -► /C° 1)(lfe _ 2) ~ v*(L 2 A El A) 

coincides with d A . Indeed it follows by definitions that the component is defined over C lk as: 

,k q ( ,k-2s , /, ,, ,/c-2, ,k-2 

C 1 — -► u*(£ (1,1 ) 01 C 1 ) ---), 

and @9^ identifies to the restriction to A, as seen with the definition. On the other d A is defined as: 


7r*(L 1 '') StabG( ' i) 


0 7T*(i lfc 0 0 X n/ I Xl ) StabG(lfc) ~ TT*(L lk 0 Ox./4 12 ) e2x6 ”- 2 


7C{l,...,fe} 
171 —2 


where the last identification is due to Danila’s lemma. It’s clear that d A factors via 

7r*(L 1 ' ! ) StabG( ' i) 7T*(L lfe ) S2XS "- 2 -► ^(L lk 0Ox»/Ia 12 ) 62x6 "- 2 • 

Now 7 r*(L lfe ) S2XS "- 2 ~w*(£( 1 -i) K £(i' s - 2 )) ) 7 rsi ( i i , ' 0 C ) xn // Ai 2 ) 6 2 xS „_ 2 ~^(L^^£i' 1 - 2 ): the first map 
here above identifies to q^\ k - 2 ), and the second one to the restriction to A on the first factor, and hence to 
7 '*(^° 1 j K1 id). Hence we have d A = ^(° L )( 1 fe- 2 v 
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The natural line bundle V A - Before proving the main result in the next subsections, in order to state 
it in the most general form, we introduce the natural line bundle on the Hilbert scheme of points A'^l, 
associated to a line bundle on X. More precisely, if A is a line bundle on X , the line bundle A Kl • • • IEI A 
(n-factors) on X n descends to a line bundle Va on S n X, in the sense that tt *Va = A IEI • • • IEI A DN89, . 
Thm 2.3]. As a consequence, the line bundle Va on S n X coincides with the sheaf of G-invariants, on S n X, 
of the line bundle A S3 • • • S3 A. Pulling-back the line bundle Va on S n X via the Hilbert-Chow morphism 

/i : X^ ->- S n X we get a line bundle \x*Va on the Hilbert scheme, called the natural line bundle on 

X associated to the line bundle A on X. For brevity’s sake, we will denote it again with V A - 

Remark 4.10. We have natural filtrations V*(£>Va and £*(n, k)^V A of (S k V]f) G (&V a over the symmetric 
variety S n X, and hence a natural filtration W* (g> Va = (V* f )£ k ~ 1 {n, k )) (g> Va', but, because of projection 
formula fj, t (S k L^ (g) Va) := fi*(S k L^ (g) /r *Va ) — fJ-*S k L^ ® V A , the last filtration yields naturally a 
filtration of n*{S k L^ n 1 (g) Va). 

Since the line bundle V A on the symmetric variety S n X is the descent of the line bundle A ISI • ■ ■ IEI A 
on X n , using projection formula and taking G-invariants we have the following 

Lemma 4.11. Let F be a G-equivariant coherent sheaf over X n . Then, over S n X we have 

( tt G F)®V A ~TT?(F®A® n ) . 


Remark 4.12. For k = 2 and any n > 2 it is immediate to prove the exact sequence: 

0-*■ J C 1,1 (—2A) <g> Va -► n*S 2 L [n U gP A - C 2 <g» V A -*• 0 . 


Indeed, it is sufficient to prove it for A-and hence V A - trivial. The sequence above is obtained taking 
kernels in the diagram 


C 


1,1 


V u 


£ 


o I 


n 


K°(L) -► JC°(L) 


0 


0 


Note that /C°(L) ~ v*(L\ Kl 0 S n-2 X ) and that the restriction coincides with 

d° A : C 11 - *■ v*(L a Kl 0 S n-2 X ), that is, with the restriction of sections of £ 1,1 to the big diago¬ 

nal. The exactness on the right of the sequence of kernels comes from the fact that the operator | £ljl 
is surjective. 


4.1 The case n — 2 

4.1.1 Toeplitz Matrices 

Definition 4.13. A to x n (to rows and n columns) complex matrix A = (o^j £ M mxn (C) is Toeplitz if 
there exist numbers t- m + 1 ,..., to, ■ ■ ■, t n -i such that a,y = tj-i, that is, if the diagonals of A are constant. 

Remark 4.14. To a squared Toeplitz to, x to matrix A we can associate a function f A '■ R-► C, by the 

formula 

m— 1 

f A {y)= Y, tkeikv ■ 

k—l—m 

It is clear that f A = ft A and that = Re/A, where A h = (1/2)(A + t A) is the hermitian part of A. 
Hence the function f A is real if and only if A is hermitian and if A is real, then /a is real if and only if A 
is symmetric. Given the function /a, we can reconstruct the matrix A via the anti-Fourier transform: 

tl{A)= 2nj 0 fAiy)e dy - 
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If A is a complex to x m Toeplitz matrix, then for any x = (xi,..., x m ) G C m we have [Gra06l page 42]: 


*xAx = 



J2 x i e ~ ilv 

1=1 


fA{y)dy . 


(4.4) 


Corollary 4.15. Let A be an hermitian Toeplitz matrix such that f A {y)t the function associated to A, is 
positive (negative), apart from at most a countable number of points. Then A is positive (negative) definite 
and hence nondegenerate. 


Proof. If f A {y) is positive (outside a countable number of points) the integral in (4.4) above is strictly 
positive, and the matrix A is positive definite. □ 


We will now introduce a few Toeplitz matrices which will be useful in the sequel. 

Notation 4.16. Given a vector a = (a o,..., a„_i) G C", we will denote with T mxn (a) the m x n Toeplitz 
matrix with i* = if i > 0 and ti = 0 if i < 0. 


Notation 4.17. Let m,n G N. Denote with T 2 n ,m and T 2 n +i,m the to x m Toeplitz matrices defined by: 

/ 2 n \ 

tk =(T 2 n,m)i+k,i = ( -1 ) fc ( n I k J if —n < k < n 4=0 otherwise 

/ 2n + 1 \ 

Sk =(T 2 „+i,m)i+k,i = (-l) fc ( , , , . if -n - 1 < k < n s k = 0 otherwise. 

\n + k + 1/ 

Lemma 4.18. For all m,nGN, to ^ 0, the matrices T2 n ,m, T2 n +i,m are nondegenerate. 


Proof. It suffices to prove that T 2 „ im is nondegenerate, since T 2 n + 2 ,m = Tmxm{e l — e 2 )T 2 „+i >m and 
Tmxm(e l — e 2 ) is trivially nondegenerate, where we indicated with a the vectors of the canonical basis of 

C n . 


We prove first that X^m is nondegenerate for m > 2 n. In this case X 2 n,m is a real symmetric matrix 
whose associated function is fr 2 „ m (y) = (— l) n (e ly t 2 — e -ly / 2 ) 2n = (2siny/2) 271 which is positive apart 
from the countable set of zeros of siny/2. Hence, by corollary 4.15 it is positive definite, and hence 
nondegenerate, since symmetric. 

For to < 2n, take l > 2 n. Then, for all k < 2 n, detT 2 nj fc is a leading principal minor of T 2 n ,i, 
which is positive definite. Hence, by Jacobi criterion, detX^fc is positive for all k < 2 n. Hence T 2 n ,m is 
nondegenerate (and positive definite). □ 


Notation 4.19. For l,k,j&N,l<k,2j<k, denote with R^kij) the (k — l + 1) x (k — 2j + 1) the Toeplitz 
matrix such that 

ti = (—l) 1 ( ) for —j<i<l— j, ti = 0 otherwise. 

Vi + v 

Remark 4.20. If l < 2j < k + 1 then Ri,k(j ) is the matrix of an injective morphism and i? 2 j.fc(i) = 
T 2 j.k+i-’ 2 j is the matrix of an isomorphism. Indeed, if l < 2j < k + 1, deleting the first j — [(/ + l)/2] and 
the last j — [1/2] rows of Ri,k(j), we get the matrix Ti^+i- 2 j, which is nondegenerate by lemma |4~18 


4.1.2 The filtration. 


3.33 


Recall that we denoted the diagonal in X 2 and S 2 X just with A. Denote for brevity’s sake the filtration 

E l (2 1 k) just with E l . Since differentials D l L : E l -► K l (L) are surjective for n = 2 by remark 

graded sheaves are exactly grf = I\\L) = © /i£C2 (fc_/_i) XT^(L), where, recalling notation 
(S l Qx ® L k ) a and we can see y just as a label. 


2.19 


the 


K l AL) = 


Definition 4.21. For j = 0,..., k, denote with V^(k *,») c E° = S k VL- 
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Remark 4.22. The subsheaves V 3 of S k VL define a G-equivariant decreasing filtration of S k VL- 

o = t/[ fc / 2 l+ 1 C V^ k/2] C • • • C v 1 c v° = S k V L . 

Taking G-invariants, we get exactly the filtration V* of (S k V]f) G , introduced in definition 


4.1 


Set now Sj t i := ®iZj L^ k ~ l,l \—IA). Note that, if l < 2j — 1, Sjj C V 3 HE 1 : indeed, Sjj consists of 
elements (a:*)* j < i < k — j , with a \ £ <g> I l A and hence all operators D p, for h < l, vanish on them. 

Hence we can apply the operator D l L to elements in Sjj. 

Lemma 4.23. For 0 < l < 2j — 1 the G-equivariant restriction D l L \ s : S h i -*- grp of the operator D l L 

to Sjj factorizes as: 


Sj,i =®t/L (fc - <I<) (-/A) 


- ®t/ {S'&x 0 L k ) A grp cs 0 £*)a 


where d l A : L k ~ s ’ s (-IA) 


(S fix 0 2v)a tfce differential introduced in remark 4-6 and where A is 


a G-equivariant injective morphism of vector bundles over A having as matrix the (fc — l) x (k + 1 — 2j) 
Toeplitz matrix R;+i,fe(j). 

Proof. Let a; = (a;*)* £ S/j, j < i < k — j. The component £>| r of the operator Z)/ can be 


explicitely written as 


D 


( r,k-l-\-rY 


— ^ 1) ( )iA(- c (s,i+l-s)(r,fe-i—t— r)) 

s—0 V s / 

= C + lN )iA {x (r +s, k-r- S )) , 

s=0 V s / 


k-j 

i=j 


where j l A denotes the l- jet projection. It is immediate that D l L is a composition of ®iIjd l A : Sjj — 

{S l flx 0 L k ) a and a linear map A : 0 L k )a - ► K l (L ) whose (fc — Z) x (fc — 2j + 1) matrix 

has entries (—l) s ( i p 1 ). Ordering the terms, that is, setting i = j + a, 0 < a < k — 2j, we have r + s = j + a 
and s = j + a — r; we then find that the matrix of the map A is given by 


A r , a = (-iy+ a ~ r ( , l + 1 ) 
+ a- rj 


which is Toeplitz and coincides easily with Pi+i,k(j)- Hence A is injective if l < 2j — 1 and an isomorphism 
if l = 2j — 1 by remark |4.20| □ 


Remark 4.24. Note that the term ® ? fc = f ( S l flx 0 L fc ) A in the preceding lemma is isomorphic to 


i=j 


>i fc )A-®^/L K 


and hence naturally G-equivariant. The G actions exchanges terms L l ' k ~ l (I l A /I l A l ) and L k ~ l ’ l {I l A /I l A l ) 
i fc/2, that is, it exchanges factors ( S l Qx 0 L k ) a indexed by i 7 ^ fc/2, and, if k is even, it acts on the 
term L k l 2 ' k l 2 (I l A jI l A 1 ) 1 that is, on the term (S l flx 0 L k )a indexed by fc/2, with the sign (—l) z . 

Let’s now descend on S 2 X. For l < 2j — 1 we naturally have that S G t C V 3 H £ l : in particular £>' G is 
in the domain of definition of . We indicate with ®/ >fe , 2 a direct sum indexed by natural numbers * 
such that fc/2 < i < h\ analogously for ®/> fe / 2 or ®i>fc /2 ■ Taking G-invariants in lemma 
following. 


4.23 


Proposition 4.25. Suppose that 0 < l < 2j — 1. Then the restriction I ,, G 
operator $i l L to S G ; factorizes as: 


k-j 

cG _ GTA ri,k-i 

G 

i>k/2 


(-/A) 




3 l>j 


{SWx 0 L fc ) A 


n G 




grf 


we get the 
grf 0 / ffce 
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where A G is an isomorphism if l = 2 j — 1, 2 j — 2 and injective if l < 2 j — 3. Hence, if l < 2 j — 1, the kernel 
of the restriction is 


k-j 


ker S> l L | sG ~ 0 C i,k ~ i (-(l + 1)A) ~ S G l+1 . 


i>k/2 


Proof. Let’s prove first the statement about A G . It follows from lemma 4.23 that A G is injective if l < 2j — 1. 
The graded sheaf grf is given by 

grf - ® K 

LL£p2(k—l—l) 

Mt Kh,h) 

k — l 

and hence consists of [—-—] terms, all isomorphic to (S l tix 0 L k ) a- On the other hand, the sheaf 

k cj? 

[ ®i>j {S l £lx ® L k ) a] changes if k is odd or even. Let’s see the two cases. 

• k is odd. Then 


' k g(s i rtx ® L fc ) a ^ ® L fc ) a 


n G 


k ~j (dial. 


k | f 

and hence it consists of a direct sum of —-- j terms. If l = 2j — 1 or l = 2 j — 2, we have, since k 

is odd, that 

fc + 1 . k — 2 j + 1 r k — 1 1 

~2 J _ 2 _ I- 2 * ' 

Hence in the two cases l = 2j — 1,2y — 2 the two sides are direct sums with the same number of 
copies of (S l flx ® L k ) A . Since A G is a constant injective endomorphism of a vector bundle (over the 
diagonal A), it is an isomorphism in these cases. 

r -I G 

• k is even. The sheaf of invariants (£ “x ® L k ) A is given by 

Si>k/ 2 (S l ^x ® ^ fc )A if l odd 


^g(SW x ®L k ) A 


^i>k/ 2 ( Sl ^x ® -^ fc )A if l even 


since, for the G-action, the term (S l flx ® L fc ) A , indexed by * = fc/2, is pure of parity (—1)/ Hence 
the sheaf of invariants is a direct sum of fc/2 — j copies of (S l fl x ®L k ) A if l is odd and of fc/2 — j + 1 
copies if l is even. We have the following cases. 

k — l fc 

1. I = 2j — 1, hence odd. We have: [—-—] = — — j; 

2. 1 = 2J-2, even. We have [—^—] = [---] = - - J + 1. 

Hence for l = 2j — 1, 2/ — 2 is an isomorphism and injective if Z < 2j — 2. 

In order to compute the kernel of the restriction, for l < 2j — 1, we just have to compute the kernel of the 


map 

s?i = 0 £ fc " M HA) 

i>k /2 

In the case fc is odd, it is the kernel of the map: 

k—j ^ 

0 £ fc - M HA) - 

i>k /2 

and hence In the case fc is even, 


®i>fc/2 d A 


. k ~J 


[0(^® L fc) A ] G 


i>j 


k—j ,1 k j 

i>k/ 2°A 


0 

i>k /2 


fc-j 


[0(^®L fc ) A 

i>j 


— 


k—j 

0 (S'njc <g>L fe ) A if l is odd 

i>k /2 
k-j 

(S z f2 A ® L fc )A if Z is even 

k i>k/2 
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In the case l even, the kernel is easily ©f>f 2 ker 4 ~ Sf+i- Now i R the case l odd, £ k / 2 ’ k / 2 (—lA) is 
isomorphic to £ fc / 2 > fc / 2 (_(7 + 1)A), which is in the kernel of [®ff 4] G = ©ff/ 2 4 arL d hence the kernel 
is again ®fff 2 ker4 ® C k / 2 ’ k / 2 (-(l + 1)A) ~ ®\>i /2 C k ~ i ' i {-(l + 1)A) ~ Sf l+V □ 

As an immediate consequence of proposition |4.25| we have 

Corollary 4.26. The natural map V- 7 (~l £ 1 -*- grf is surjective for l > 2j — 2. 

Proof. We just have to notice that, if l = 2j — 2 or l = 2 j — 1 the map ©*>*/ 2 ^a is surjective and A G is 


an isomorphism. The case l > 2 j — 2 follows because is a decreasing filtration. □ 

Lemma 4.27. Let F be a coherent sheaf over an algebraic variety Y. Let M h C M h ~ l C . C M 1 C 


M° = F and N k C 7V fc_1 C • ■ • C A^ 1 C N° = F, h, k £ N, two finite decreasing filtrations of F. The 
filtration N m induces a finite decreasing filtration N * n M l on each coherent sheaf M l , for 0 < l < h. 
Suppose that, for a certain j and l, the natural map 

N j+1 n M l -- M l /M l+1 ~ grf F 


is surjective; then, for all i < j, 

grf M l+1 ~ grf M 1 . 

Proof. It is sufficient to prove the lemma for i = j , since it is evident that, if W' +1 n M l ->- grf F is 

surjective, then for all i < j , then also IV* +1 n M l -► grf F is surjective. For i = j, the lemma is a 

consequence of the following commutative diagram, whose rows and columns are all exact. 

0 0 0 


0-- N J+1 n M l+1 —- N J n M l+1 grf M l+1 -- 0 


0-- N j+1 n M l N j n M l -► grf M l -► 0 


0-- grf F -► grf F -► 0-► 0 


0 0 0 

□ 


Lemma 4.28. Consider the bifiltration fl £ 1 on (S k Vij) G ■ For all l > 2i we have 

gr^ £ l — gr^ £ 2i ■ 


Proof. By corollary 4.26 the map V J fl £ 


grf is surjective for j < [1/ 2] + 1. Hence, by lemma 


4.27 


for all i < [1/ 2] we have that grf £ l+1 ~ grf £ l . But this means that, for all l > 2 i, grf £ l+1 ~ grf £ l , 
which implies the statement. □ 
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Proposition 4.29. Let h,l GN such that h > [ + ]. Then 

k—h 

v h ns 1 ~ 0 ~ s% t . 

i>k/2 

Proof. It is sufficient to prove that, if l = 2j — 1 or l = 2j and if h > j, we have 

k—h 


v h n£ l ~ 0 £<*■*-« (-JA) . 

i>k/2 


(4.5) 


It’s evident that it is sufficient to prove (4.5) for h = j, since for higher h it follows immediately from the 
definition of V h . We prove it by induction on j. For j = 0 there is nothing to prove, since l = 0 and (4.5) 
is the definition of V°. Suppose the result is true for j > 0. Then we have, in the notations of proposition 

ra 

v j n^'- 1 ~ 0 C^ k ~ i \-{2j - 1)A) = Sf 2j _ x 

i>k/2 

k—j 

v j n£ 2j ~ 0 £( < . fc -0(_2jA) = Sgy . 

i>k/2 

Then, by definition of V J+1 we have that V J+1 H £ 2j_1 ~ (Bi>k /2 (2 j — 1)A) = and 

V J+1 n £ 2j ~ 2jA) = 2j -. Consider now the sequence 


V j+1 n £ 2j+1 


v 3+1 n £ 2j 


g 4j(s k v L ) c 


0 . 


It is left exact by definition, but, since 2 j = 2 (j + 1) — 2, by corollary |4.26| it is exact also on the right. 


Hence, by proposition 4.25 


k—j —i 


V j+1 n £ 2j+1 ~ Sf +1 , 2i+1 ^ 0 £ (i ’ fe - <) (-(2i + 1)A) 

i>k/2 


Now, for l = 2j + 2, by corollary |4.26| the sequence 

0 *-* V J+1 n £' 2j+2 -» V i+1 n £ 2j+1 


grfy+i (S k V L ) c 


is exact, since 2 j + 1 = 2(j + 1) — 1. Hence, by proposition 4.25| 

k-j-l 


V j+1 n £ 2j+2 = ker 


L | S G = S f+l,2 j+ 2 * 0 j + 2) A) 

lo i + l,2j + l J J N - LX 

i>k/2 


□ 


Theorem 4.30. The finite decreasing filtration bV^l ® V A C • • • W 1 <g P A C W° (g P A — H*S k L \ 2 1 <g 2? A 
of length [k/ 2] ok t/ie ok t/ie sheaf n^(S k L^ ®V A ) over the symmetric variety S 2 X has graded sheaves 


gr ™® DA (ij,*S k LW ® x> A ) ~ £( fc -w)(_ 2 j A) <g> 


r A, n 

i = 0,..., . 


Proof. It is sufficient to prove it for A and V A trivial. By proposition |4.29| and by lemma [4.28| we immedi¬ 
ately have that for l > 2j, 

grV £ l ~ grV £ 2j ~ C^- j ’ j \-2jA) . 

Since £ fe_1 ~ /x*S fc .Z/ 2 ], this implies the statement of the theorem for j < [/c/2]. For j = [k/2] proposition 


4.29 implies directly that 


grffe/ 2 ] - £^ fc - [fe/2] ’ [fe/21) (—2 [/c/2]A) . 


□ 
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4.2 The case k — 3. 

Fix k = 3. Over S n X we have: 


V 3 =£ 3 ©£ 2 ’ 1 ©£ 1 ’ 1 ’ 1 

-’0/r\ _ Y '0 rr\ K’O 


lC\L) — IC^ 2 ) © ^C(i)(i) — v * (£a ® @s n - 2 x) © v * Kl £) 

IC\L) = /C^ ~ v*((fi3c © £ 3 ) a H Os-^) 


(4.6) 

(4.7) 


The operator : V 3 
be written as: 


K.°(L), according to the direct sum decompositions (4.6) and (4.7) above, can 

(4.8) 


$ 


^(2) 


CZ 2 ’ 1 

^(2) 


0 

^( 1 , 1 . 1 ) 


Remark that for y, = (2,1) and n > 2 the differential in (4.3) is a map d A : £ 2,1 (—A) 


jri 


Lemma 4.31. The restriction of the operator 0k ^ to V 2,1 D S 1 factors through: 

£ 2,1 (—A) ^ K} m , 


where the first map is induced by the projection V 2 


£ 2,1 onto a summand of the direct sum. 


Proof. First of all, if (x,y) G £ 2,1 © A 1,1,1 = V 2,1 is in S 1 this means that :,y) = 0 and this implies, 
by the form of the matrix (4.8) that < 2\£ ) x = 0 and hence, by definition of that d° A x = 0: therefore 


x G £ 2,1 (—A). As a consequence, it is sufficient to compare the two morphism in the statement locally; by 
lemma [3T| it is sufficient to compare them on an affine open set of the form S n U , with U = Spec(i?) an 
affine open set of X over which L is trivial. 

Over S n U = Spec (S n R), identifying sheaves with their module of sections, we have V 2,1 ~ (R © R © 
S n ~ 2 R) © (S' 3 !?© S n ~ 3 R). Let (x,y) G V 2,1 DS 1 . It is clear that 0} j {x ) y) just depends on x and not on 
y. Let then x be of the form cq © bi, with bi G S n ~ 2 R, and with m = JT ■ Uij © G /a Q R © R\ 
we have: J© u ij v ij = 0 for all i. Hence Ylj( v ijd u ij + Uijdvtj ) = 0 in flj^. Then, by the local formula in 
example |3.58| 


Vij dUij 


^l(x, y) = [ - 2 u a dv R + 

i 3 3 

= — 3 Uijdvij © bi = —3d A x . 


This proves the lemma. 

Proposition 4.32. We have the following short left exact sequences over S n X: 


0 


W 2 


w 3 


0-- W 1 ’ 1 ’ 1 -► W 2 ’ 1 -► £ 2,1 (—2A) . 

Moreover the term W 1 ’ 1,1 is isomorphic to H’ 1,1,1 — £ 1,1 ’ 1 (—A) ~ £ 1,1,1 (_2A). 


Proof. We start with the split short exact sequence: 0 
into the diagram: 


V 2 


V 3 


£ 3 


0 


V 


n 


2,1 


V 3 


£ 3 






D 


(4.9) 

(4.10) 


0 and we fit it 
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Taking kernels yields the left exact sequence 0 
the diagram: 


V^nf 1 


V 3 !^ 1 


C 3 . We fit the latter into 


0 


v^nf 1 — v 3 nf 1 






0 


JC\L) 


K\L) 


0 


v 3 n £ 2 


£ 3 , 


and the kernels of the vertical maps give the left exact sequence 0 -► V 2,1 n £ 2 - 

which is precisely the first the statement. 

To get the second, consider the term V 2,1 . By definition we have the splitting short exact sequence; 

0-*- jC 1,1 ’ 1 -*- V 2,1 -£ 2:1 - * 0. Moreover, the term KP{L) splits as K.°(L) ~ 

Since the matrix of the restriction of 9*f to V 2-1 is lower triangular — see (4.81- with respect to the direct 


sum decompositions (4.6), (4.7), the following diagram is commutative: 


C 1 


V 2 


£ 2 




^(1)(1) 
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K.°(L) 


®<“» 


Y' 0 

H 2) 


o. 


Now, by remark 4.9 the operator 9^,^ coincides with moreover, the operator 9?.^ coincides as 


well with d^, as seen directly with the definitions. Hence taking kernels for vertical maps in the above 

diagrams and recalling example 4.8 and remark 4.9 we get the sequence 0 -«- £ 1,1,1 (-2A) 

S 1 


4.31 


the operator 


v 2 ’ 1 n 

f, restricted to V 2,1 D S 1 factors through the 


► £ 2,1 (—A). Now by lemma 

differential — 3d^ : £ 2,1 (—A) -*- /C 3 -^. Moreover the restriction of 9) j to £ 1,1,1 (—2A) is zero. Hence we 

get the commutative diagram: 


0 




-2A) — V 2 ’ 1 ©^ 1 — £ 2,1 (—A) 


-3 di 


0 


0 


IC\L) 


K,\L) 


0 


from which, taking kernels of vertical maps, by remark |4.6[ we get exactly the second left exact sequence 
in the statement. Q 


Notation 4.33. Let R a commutative C-algebra. Consider elements ai,...,a m of R. For all I C 
{1, ...,m}, 7^0, we denote with dj the element of S m ~^^R given by the symmetric product of di, 
with i ^ I. 

Notation 4.34. Let n,k £ N, n > 1. Consider p £ p n (fc), that is, a partition of k of length l(p) < n. 
Define the integer to m as 0 if l (p) = 1 and 


rria := min p t 

if l(p) > 2. In other words = ppp) if l{p) > 2 and m^ = 0 if l(p) = 1. 

Theorem 4.35. Let n £ N, n > 1. The graded sheaves for the filtration © T>a on p ir {S 3 L^ © 'Da), 
indexed by partitions p £ p n (3), equipped with the reverse lexicographic order, are given by 

gr ™® VA ~£'*(-2m #t A)®2? A . 
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Proof. Step 0. We will prove the theorem for n > 3, since for 1 < n < 2 the proof is analogous and 
easier; the result for n = 2 is actually already provided by theorem 4.30 It is sufficient to prove the 
theorem for A, and hence Da, trivial. Moreover, it is sufficient to prove that the that the sequences in the 
statement proposition 4.32 are right exact, that is, that the maps W 3 - 


_ - C 3 and W 2a -► £ 2,1 (—2A) 

are surjective. Analogously to what done in the proof of lemma |4.31[ it is sufficient to prove the surjectivity 
of the same maps over an affine open set of the form S n U, with U = Spec(i?) an affine open set of X over 
which L is trivial. 

Step 1. Over S n U = Spec(S”I?) we can identify coherent sheaves with the modules of their sections; 
hence, as in example 3.58| C 3 will be identified with R 0 S n ~ 1 R, C 2 ’ 1 with R <8» R 0 S n ~ 2 R, and A 1,1,1 
with S 3 R<S> S n ~ 3 R. Moreover £ 2,1 (—2A) will be identified with I\ 0 S n ~ 2 R , where I a is the ideal of the 

diagonal in R<2)R. To prove that the map W 2 ’ 1 -*- £ 2,1 (—2A) is surjective, it is sufficient to show that we 

can lift any element of the form y = fg 0 a to W 2 ’ 1 , where /, g £ I a and a = a± - ■ ■ a n -i £ S n ~ 2 R, <n £ R. 
Write / = s i ® ti and g = J2j u i ® v i> U> u j, v j € -R, such that Yli s ^i = 0 £ R, UjVj = 0 £ R. 
Then fg = "Yhij s i u j ® Uvj- The element 

x = ^2 SiUj 0 tiVj 0 a, Si.tiVj.UjCLh 0 afjj 

ij ijh 

obviously projects to 2 y via the map V 2,1 -► £ 2-1 . Let’s prove that it is in W 2,1 . Indeed 


? ( ° 2) x = 0 


because fg I. = 0. Moreover, 


= 2 X] S i U 0 a h ® tiVj 0ak-2^ SiUjClh 0 tiVj 0 Clh 

ij h ij h 

since any other contraction of Y^ijh s i-^i v r u j a h is zero. Finally 

= Sd^y = -3 d} A (fg) 0 a = 0 

since fg £ l\. 

Step 2. Let’s now prove that the map W 3 -*- C 3 is surjective. It is sufficient to prove that we can 

lift any element of the form y 0 a £ R 0 S'" -1 !?, where y £ R, a £ S n ~ 1 R , to W 3 . Consider the element 

x = ^3 y 0 a, 2 ^ y 0 a* 0 a) + ^ a* ® y 0 a*, 0 a* 0 aj + a» 0 y 0 a,j + ai 0 aj 0 y] 0 afj'j . 


The element x projects to the element 3y 0 a via the map V 3 
x £ V 3 n £ 2 . We have: 


C 3 . We just need to show that 


*cV 


) x = - 3 yai + 2ya t + ym] 0 8 , = 0 . 

i 

^(°i)(i) x = —2 ^2 y a i — ^2 UiUj 0 y 0 oi} + 2 ^2 yaj 0 a, 0 ajj + ^ diCij 0 y 0 afj = 0 . 

ij ij ij ij 

Finally 

S>2) x = ^ "^2 ydcii 0 8j- 2 ^^[2 yda,i + a,idy ] 0 a) + ^^[2cqdy + ydaf\ 0 a) = 0 . 


□ 


4.3 The case k — 4. 

Fix now fc = 4. Over S"X we have 

V 4 = C 4 © C 3 ’ 1 0 £ 2 ’ 2 0 r 2 ’ 1 ’ 1 0 r 1 ’ 1 ’ 1 ’ 1 (4.11) 

/C°(L) = Kj 3 ) 0 JCf 2A) © K° {2){1) 0 /C°i)( 2 ) 0 (4-12) 

/c 1 (l) = /c 4 2 ) ©x: 4 1)(1) 

JC 2 (l) = k . 2 d . 
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The operator according the direct sum decompositions (4.11) and (4.12) can be written as: 


/ 

^(3) 

0)3,1 

As) 

0 

0 

0 

\ 


0 

a 3 - 1 

-^(2,1) 

^2,2 

■^(2,1) 

0 

0 



0 

0)3,1 

"v2)(l) 

0 

^24,1 
-^(2 1) 

0 



0 

0 

® 2 . 2 

Al)(2) 

^24,1 

"\1)( 2 ) 

0 


V 

0 

0 

0 

®2.Li 

0,1X1,i 

Ami) 

/ 


(4.13) 


We begin by some technical lemmas about the restriction of operators S> l L to terms of the bifiltration of 
the kind D £ 1 . 


Lemma 4.36. The restriction of the operator StA to V 3,1 D £ 1 factors through 

V 3 ’ 1 n S 1 - 


where the map r is induced by the projection V 3,1 - 
the restriction of the same operator to V 2 ’ 2 D £ 1 is zero. 


/I 3 ’!))—A) /C( 2) , 

-► £ 3,1 onto a summand of the direct sum. Moreover, 


Proof. The proof is very similar to the proof of lemma 4.31 so we will just sketch it. Write V 3 ’ 1 = £ 3,1 © 
£ 2 ’ 2 ©V 2,1 ' 1 . Take an element (x, y, z) £ (£ 3 ’ 1 ®£ 2 ’ 2 ®V 2 , 1 ’ 1 )n£ 1 . Hence we have that (x, y, z) = 0 which 
implies, because of the form of the matrix 4.13 x = 0, which, as seen by definitions, implies in turn 

= 0 , 


d A x = 0 and hence that x £ £ 3 , 1 (—A). Notice that /C^ ~ /C ° 2 1 ^. Moreover we have ^x + ^f^uV 
which becomes —dP A x + dP A y = 0, and hence implies dP A y = 0. Therefore y £ C 2}2 {— A) = £ 2 , 2 (— 2 A). Now 
we just have to check that ^ 2 ) | v . 3 ,i n< gi coincide locally with —2d\x o r; by lemma 


3.1 


it is sufficient to do 


this over an open set of the form S n U , with U an affine open set of X over which L trivial. In this case, 


the local formula in example 3.59 gives 


V , z) = -2d\x + d\y = -2d\x . 


The statement for V 2 ’ 2 D £ l now follows taking x = 0. 


□ 


Lemma 4.37. The restriction of the operator ^ 2 )(i) ® ^(°i)( 2 ) ^ 0 £ 2,1,1; 

^(°2)(l) ® ^(l)(2) '■£■ '' ^-(2)(1) ® (2) 

coincides with d A . Hence its kernel is £ 2,1,1 (— A) ~ 7 r*(L 2,1,:L ® Ia 12 hi Ia 13 hi /^ 23 ) Stab G( 2 d,i)_ 
Proof. The differential d° A is dehned as 


d° 


A 


^2,l,l\Stab G (2,l,l) 


t (I 2 ’ 1 ’ 1 ®OT~/I Al2 ) 6({4 ’'''’ n })©7 r »(I 2 ’l’l®0.Y"/I A2 3) 6 ({2'3})x 6 «4--’ n }) 


The component 7 r*(.L 2 ’ 1 ’ 1 ) stabG ( 2 ’ 1 ’ 1 ) -*. ^(L 2 ’ 1 - 1 0 Ox™ /lA 12 ) e ^ 4, '"’ n ^ is given by the composition 

7r*(L 2,1 djStab G ( 2 , 1 , 1 ) -„ -► 7 r*(L 2,1,1 ® Ox™ / 1 Ai 2 )• The second map is 7r*(d^ 2 E3 id) = 

7 r*(U 3 2 - | EE] id): hence the composition coincides with Analogously, the component 

^ (jL 2,l,l )St ab G (2,l,l) __ g, 0 X n/lA 23 f ({ 2 '3})x6( { 4.....n}) „ ^M.2 0 ^ )S({ 1.2» x S ({4, 


coincides with O 

Lemma 4.38. The restriction of the operator to V 2,1 ’ 1 n £ x factors through 


V 2 ’ 1 ’ 1 D £i ► £ 2, 1’1 { —A) ► ^C( 1)(1) 

where the first map is induced by the projection V 2-1,1 -*- £ 2-1,1 onto a summand of the direct sum and 

where the second map is the only nonzero component [^] of -2,d\. 

5 the other component £ 2,1,1 (—A) -*- -nvfL 2,1 ’ 1 ® iA 23 /4|i 23 ) S ^ 2 ’ 3 T x ®d 4 ’'"’"H is zero since 6({2, 3}) acts with a sign 

on Ia 23 /Ia 23 - 
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Proof. By lemma [3.1[ it is sufficient to prove the statement over an open set of the form S n U, where 
U = Spec(i?) is an affine open set of X over which L is trivial. Identifying coherent sheaves with the 
modules of their sections, we have that, if x = a 0 b)b 2 S 2 R 0 S n ~ 3 R is a global section of 

£ 2 , 1 , i(—A), we have, by the local formula in example 


3.59 


^(i)(i) x = ~ 2 [ad&i 0 62 + adb 2 0 61 ] 0 c + [bida 0b 2 + b 2 da 0 61 ] 0 c 
= [—2 adb\ 0 b 2 — 2 ab 2 0 bi] 0 c + [bida 0 b 2 + b 2 da < 8 > 61 ] ( 8 ) c 
= — 3adb\ 0b 2 0 c — 3adb 2 0 b\ 0 c 

since ab\ 0b 2 + ab 2 0 b± = 0 and hence 

0 = d{abi) 0b 2 + d(ab 2 ) 0bi = {adbi 0 b 2 + adb 2 0 bi) + (bida 0b 2 + b 2 da 0 bi) . 


(4.14) 


Now it is immediate to see that (4.14| is the expression of the only nonzero component of —3 d\. 
Lemma 4.39. The restriction of the operator to V 2,2 n £ 2 factors through 

V 2 ’ 2 n £ 2 -► £ 2 ' 2 (—2A) JC* , 


□ 


where the first map is induced by the projection V 2 ' 2 -► C 2 ' 2 onto a summand of the direct sum. 


Proof. By lemma 4.36 it is clear that if u = (x, y , z) is a local section of C 2,2 © £ 2,1,1 © A 1 ’ 1,1 ’ 1 = V 2,2 and 
u is in V 2,2 n £ 2 , then u € V 2,2 n S 1 and f ^° 2 = 0 which implies that x is in £ 2,2 (—2A). Then we can 

compare the two morphisms of the statement; the comparison is done via the local formula for for X a 
complex affine surface and L trivial — see example |3.59| — and analogously to the proofs of lemmas |4.31[ 
147361 and KM □ 

Proposition 4.40. We have the following short left exact sequences on S n X: 


0 -- w 3 ’ 1 -* w 4 - 

-- £ 4 

(4.15) 

0 4^ iv 2 ' 2 -► iv 3 ' ; -■ 

. £3, 1 (_2A) 

(4.16) 

0 -► w 2,1 ’ 1 -► W 2 ’ 2 

- £ 2,2 ( 4A) 

(4.17) 

0 —► vv 1,1 ’ 1 ’ 1 —*- yv 2 ’ 1 ’ 1 

- £ 2,1,1 ( 2A) . 

(4.18) 

is isomorphic to £ 1 - 1 , 1 , 1 (—2A). 




Moreover the term W 1,1 

Proof. To get the first left exact sequence, one proceeds analogously as in the case k = 3, that is, taking 
recursively kernels of vertical maps in the diagrams 

0-- V 3 ’ 1 n S l -- V 4 n £ l 




L\ V 3,l n £l 

- iC l (L) 


■ C 4 
0 

* 0 


— 1C 1 {L) - 

for; = 0,1,2. 

As for the second, consider the term V 3,1 : for convenience, we split the term KP(L) as ^ © /C° 3 ., 
where A °^ 2 ^ = A 3 2 ^ © ^^(n)- The matrix of with respect to the direct sum 

decompositions V 3,1 = £ 3,1 ©V 2,2 and K.°(L) = ©/C <( 2 1 ) is lower triangular, as seen in (4.13). Hence 

we can form the commutative diagram 


V“ 


V 


3,1 


’3,1 


0)0 I 

|y2,2 


t'-’O 

^<( 2 , 1 ) 


n 


K°(L) 


a 3 - 1 

43) 


^(3) 
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which yields, taking kernels of vertical maps and noting that 9^ coincides with d^, the left exact sequence 


V 2 ' 2 n£ 1 -► V 3,1 n E 1 -- £ 3il (—A). Lemma 

o-- v 2 ’ 2 nf 1 ^ v 3 - 1 n s 1 


4.36 


immediately gives the diagram 
£ 3,1 (-A) 


»i 


-2 4 


0 


^(IHl) 


IC\L) 


4) 


from which, taking kernels of vertical maps, we get the left exact sequence 0 
E 2 -*- £ 3,1 (—2A). Finally, the commutative diagram 


v 2 ’ 2 nf 2 


v 3 ’ 1 n 


o 


V 2 ’ 2 n£ 2 — v 3a n£ 2 — £ 3,1 (—2A) 


o 


IC 2 (L) 




K?{L) 


0 


yields, taking kernels of vertical maps, the second left exact sequence of the statement. 

Let’s now work at the third sequence. We split the term /C<( 2 i) as ^-(2 i) ® ^“<( 2 )(i) w h ere ^“<( 2 )(i) = 
^“? 2 )(i) ®^-qi)( 2 ) ® ^qiHiiV Since t ^ ie ma t r i x °f the restriction of 9® to V 2 ’ 2 , with respect to the direct sum 
decompositions V 2,2 = £ 2,2 ® V 2 ’ 1 ’ 1 and ^ = K.° 2 ^ ® A^<( 2 )(i) is lower triangular — see (4.13) — we 
can consider the commutative diagram 


V 2 


V 2 


£ 2 


oo I 

-"L | v 2 - 1 • i 


is'O 

^<( 2 )( 1 ) 
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^<( 2 , 1 ) 


^(2,1) 


jf-’O 

^(2,1) 


o. 


Taking kernels of vertical maps and noting that the restriction of 9? 2 to £ 2,2 coincides with d^, we get 

the left exact sequence 0-*• V 2 ’ 1 ’ 1 ®^ 1 -► V 2,2 nE 1 -*- £ 2,2 (—A). Note that £ 2,2 (—A) ~ £ 2,2 (—2A). 

Lemma |4.36| allows to build the commutative diagram 

o-► v 2 - 1 ’ 1 n E 1 - ► v 2 ’ 2 n E 1 - 


£ 2,2 (—2A) 


9 1 1 

-^l\ V 2,l.ins 1 


9 1 1 

-‘l lv 2 - 2 n £ 1 


0 


£(i)(i) 




o 


V 2 


n£ 2 


v 2 ’ 2 n£ 2 


£ 2,2 (—2A). 


from which we get, taking kernels, the exact sequence 0 - 
Finally, since the restriction of 9 2 to V 2-1,1 HE 2 is zero, and thanks to lemma 4.39 we get the commutative 
diagram 

0-► v 2 ’ 1 ’ 1 n £ 2 -- v 2 ’ 2 n £ 2 -► £ 2,2 (—2A) 


0 


0)2 I 

L |y 2 , 2 n £ 2 


-3 d 2 A 


0 


0 


/C 2 (L) 


/c 2 (£) 


0 . 


Taking kernels of vertical maps we get the third left exact sequence in the statement. 
For the fourth sequence in the statement, we can consider the commutative diagram 


0 


£ 2 


V 2 


£ 


0 


i.i.i 

(i)(n) 


oo I 

-"L | v 2 , 1 , 1 


Nl)(ll) 


^<(2)(l) 


irO 

^(2)(l) 


-^( 2 )( 1 ) ^ ^( 1 )( 2 ) 


® ^?1)(2) 
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since the matrix of the restriction of to V 2 ’ 1 ’ 1 , with respect to the direct sum decompositions 
V 2,1 ’ 1 = £ 2,1,1 ® C 1 ' 1 ' 1 ' 1 and = (^( 2 )(i) © ^'(*i)( 2 )) ® ^(i)(ii) l° wer triangular — see (4.13). 

Taking kernels of vertical maps, we get, using lemma |4.37| and remark |4.9[ the left exact sequence 

0-► £ 1,1,1,1 (—A) -► V 2 - 1,1 nf 1 -► £ 2,1,1 (—A). Note now that the restriction of $>\ to £ 1,1 ’ 1,1 (—A) 

is zero. Hence, by lemma |4.38| we can form the commutative diagram 


C 1 


L (-A) 


V“ 


nf 1 


y L Ivsa.infi 


0 


0 


£(i)(i) 


£ 2 4- 1 (_A) 


‘id\ 


£(i)(i) 


0 . 


Taking kernels of vertical maps in the last diagram yields the fourth left exact sequence in the statement, 
since the restriction of to V 2,1 ’ 1 D £ 2 is zero. □ 


The following fact will be needed in the proof of the main theorem 4.43| 


Lemma 4.41. Let R be a commutative C-algebra. Let 1a the ideal of the diagonal in R®R. Then in S 2 R 
we have: 

( 4)® 2 = ( 4 ) S 2 ( 4) S2 , 

where the group @ 2 operates on R(8) R exchanging the factors. 

Proof. An element in l\ can be written as a sum of products xyzw, were x, y, z,w £ I&. Let x = JT cq0ai, 
y = bj 0 Pj, z = J2h c h ® 7 h, w = di 0 Si. Then xyzw = Yhjhi OibjC h di 0 onP^hSi- We have that 

xyzw = y ~^(djbjChdi 0 1)(1 ® - a, ® 1)(1 0 f)j - Pj 0 1)(1 0 7 /,- 7/,0 1)(1 0 <5/ - Si 0 1) . 

ijhl 

If xyzw £ (4)® 2 then xyzw is equal to its invariant part, and hence 

xyzw = ^ '^2(a i bj Ch d l . 1)(1 0 a* - a, 0 1)(1 0 Pj - pj 0 1)(1 0 7f,-7/,0 1)(1 0 Si - Si 0 1) 


ijhl 


since any term of the form 1 0 / — / 0 1 is anti-invariant and the term ( aibjChdi.l ) is invariant. 


□ 


Remark 4.42. Similarly, one can easily prove that the anti-invariant part {l\) of l\, that is, (1 a) := 

{/ £ l\ | a(f) = —/} - where a is the transposition (12) — is contained in 1^. 


'-D a ), 


Recalling notation |4.34| we can now prove the following 

Theorem 4.43. Let n £ N, n > 1. The graded sheaves for the filtration 0 T>a on y*(S 4 LA 
indexed by partitions y £ p n ( 4), equipped with the reverse lexicographic order, are given by 

gr^®^ ~£^(-2m #t A)0 2? A . 

Proof. Step 0. We will prove the theorem for n > 4, since for 1 < n < 3 the proof is analogous and easier. 
It is sufficient to consider the case in which A is trivial. Then, exactly as we did in step 0 of the proof of 


theorem 4.35 by lemma 3.1 we reduce the proof to showing the surjectivity of the maps on the right in 


(4.15), (4.16), (4.17), (4.18) over an open set of the form S n U = Spec(S n R), where U = Spec(-R) is an 
affine open set of X over which L is trivial. Over S n U we can identify coherent sheaves with the modules 
of their sections; hence as in example 3.59 C 4 will be identified with ii0 S n ~ 1 R, £ 3,1 with R®R®S n ~ 2 R, 
C 2 ’ 2 with S 2 R 0 S n ~ 2 R , A 2,1 ’ 1 with R 0 S 2 R 0 S n ~ 3 R and finally £ 1,1,1,1 with S‘ l R 0 S n ~ 4 R. Denoting 
with 1 a the ideal of the diagonal in R 0 R, the sheaf £ 3,1 (—2A) will be identified with l\ 0 S n ~ 2 R and 
£ 2,2 (—4A) with (4)® 2 0 S n ~ 2 R. 
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Step 1: surjectivity of the map W 4 -► C 4 . It is sufficient to prove that we can lift any element of the 

form y 0 a G i? 0 S n ~ 1 R to W 4 , where y G R and a = a i • • • a„_i € S n ~ 1 R , a* G R. Consider the element 

x = (4y 0 a, ^2 3i/ 0 a* 0 a) + 0 y 0 a), ^2 2y 0 a* ® a) + 2a* 0 y 0 aj, 

i i 

2y <g> ai ® aj ® afj + ai <g) y <8) aj <8> afj + ai <8> aj <8) y <g> afj, 
ij 

^ y 0 a, ; 0 aj afji + <g> y <8> aj <g> au 0 affi + a* 0 aj 0 y 0 a*, 0 affi + 0 aj 0 au 0 y 0 a///) 

ijk 

Let’s prove that this element is in W 4 = V 4 D £ 3 . It is in S 1 since 
^( 3 ) 2 ; = y^(-4ya.j + 3ya.j + yc,) 0 a) = 0 . 

i 

^( 2 ,i) x = yy(-3j/aj - a 4 y + 2j/ai + 2ya, ; ) 0 a) = 0 

i 

@? 2 )( 1 ) X = ^2 ( — 3yaj 0 a* — aiOj 0 y + 2ya 3 0 a* + a*aj 0 y + a*y 0 ay) 0 afj = 0 
ij 

@?i)( 2 ) x = ^2(—2yaj 0 a* — 2aiaj 0 y + 2a* ay 0 y + yaj 0 at + yay 0 a,;) 0 a/) = 0 
ij 

^ ( - 2yafc 0^0 a,j - aiak ®y<8>aj- ai.ak tg>aj®y 

ijk 

+ 2yai 0 aj 0 a*, + a^ay 0 y 0 a* + a*ay 0 a*, 0 y) 0 affk = 0 
To show that x £ £ 2 , we compute: 

@( 2 ) x = ^2 ^4j/dai — 2(3ydai + atdy) + 2yda* + 2a,;dy 0 ai = 0 

i 

i)( 1 )X = |^3yday 0 aj + aidaj 0 y — 2(2ydai 0 aj + aidy 0 ay + a,;day 0 y)+ 
ij 

2atdy 0 ay + yda,; 0 ay + ayda* 0j/ 0 afj = 0 

Finally in /C 2 -^ we have: 

^ [ — 4yd 2 a* + 3{3yd 2 ai + atd 2 y ) — 3(2yd 2 a,; + 2 aid 2 y) + 3atd 2 y + yd 2 at 0 a) = 0 . 

i 

Step surjectivity of the map W 3,1 -► £ 3,1 (—2A). Over the open set S n U = Spec(S"i?) the sheaf 

£ 3,1 (—2A) can be identified with the module (/^) 0 S n ~ 2 R. It is then sufficient to show that it is possible 
to lift to W 3,1 elements of the form y 0 a, where y e il C R<g) R and a = a \... a n _ 2 G 5™ 2 1?. We can 
split y in its invariant and anti-invariant part, for the action of @2 exchanging the two factors in R 0 R: 
y = y+ + y~, where y + = (1/2)(y + er(y)), y~ = (1/2 )(y — <r(y)), and where cr is the transposition (12). 
Hence it is sufficient to show that it is possible to lift to W 3,1 each of the summands y + 0 a,y~ 0 a. 

Let’s begin with y + 0 a. The element y + belongs to (La)® 2 and hence can be written as the invariant 
part of an element 2 s* 0 £ G l\. Hence y + = Si-tj , with Sjtj = 0 and 

Sidti = tidSi = 0 (4.19) 

i i 

and hence d\y + = i Sidti + tjdsi = 0, since JT Sj 0 fj G I\. Then the element 

x = (6 y + 0 a, 8y + 0 a, 5, T) G V 3,1 

where 

S = 4^ Si 0 tj.aj <S> aj + 4^ £ 0 0a 3 + 2^2 aj 0 Sj.ti 0 a} G i? 0 S' 2 !? 0 S n ~ 3 R 

ij ij ij 

T = ^ Si.ti.aj.ai ®aji£ S 4 R 0 S" _4 i? 

iji 
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is in W 3 ’ 1 and lifts the element 6y + 0 a. Indeed S>^) x = 0 = 1 j x = 0 since y + £ I\. We have to check 

"^(2)(1)*^ — 6 (SiClj 0 ti ~\~ t’idj g) Si) ®"j 

ij 

+ ^(4 Sidj g ti + 4tiOj 0 Sj + 2Sidj g + 2tia,j 0 s,) 0 ^ = 0 , 


and 


^( 0 l)(2) a; 


a,- ® 5 ? - + Sj,a 


1 'i^j 




a) = 0. 


= — 8 ^^(sidj 0 ti + ti.dj 0 Sj) 0 flj + 8 

ij ij 

As for the operator we have immediately i^^x = 0, since x £ V 3,1 n S 1 and since, by lemma 

@( 2 ) x = — 2dX(6 V + 0 a) = 0 , 
since t/ + 0«£ £ 3,1 (—2A). We still have to check that: 

^(i)(i) x = 6 ^(sidaj 0 ti + tidcij 0 Si) 0 a) 


4.36 


— 2 ^^(4s,;(ii; 0 aj + 4siday 0 ti + 4fidsi 0 a,j 


+ 4tida,j 0 Si + 2 ci jdsi 0 U + 2a 7 dti 0 s;) 0 a 


■jtioi 'ey t/ 2 I tjUsjUjbi ' 


+ (4 tidsi 0 dj + 4ajdsj 0 t j + 4S;dfi 0 Oj 


+4ajdtj 0 s* + 2sidaj 0 ti + 2tida^ 0 Si) 0 a) = 0 


2 U/lA/j Yy 1/2 | UjUjj 


because of (4.19). Finally the operator vanishes on x, since 




x = 3 • 6 ^(sid 2 ti + tid 2 Si) 0 a — 3 • 8 ^(s,;d 2 fi + tid 2 Si) 0 a + 6 ^(sid 2 ti + Ud 2 Si) 0 a = 0 . 


Let’s now lift the element y 0 a. By remark 4.42 we can write y as a product a/3y, a,/3, 7 £ /a- 
Writing a = JA Si 0 U, /? = u j ® v j, 7 = 1]^ ^ ® w/i, we have y~ = J2ijh s i u j z h 0 UvjW h - Consider 
the element 

x = (6y~ 0 a, 0, S, T) £ V 3 ’ 1 

where 


S = 2 (siUj 0 tiVjWh-Zhai + SiZh 0 tiVjWh-Ujdi + UjZhdi 0 tiVjWh-Si ) 0 a] £ I? 0 .S' 2 !? 0 S'" 2 i? 

ijhl 

T = ^ Si.tiVjWh-Ujai.ZhCLm 0 awn £ S 4 R 0 S" _4 i? . 

ijhlm 

Then x £ W 3 ' 1 and x lifts the element 6y“ 0 a. Indeed we have that ^ 0 3 )X = 0 = f^° 2 1 ^x since y~ £ I 
Moreover 

^(2)(l) X = 6E SiUjZhdi 0 tiVjWh 0 a) + 2 E SiUjZ h ai 0 tiVjW h 0 dj 

ijhl ijhl 

+ 2 ^ SiUjZhdi 0 tiVjWh 0 dj + 2 ^ SiUjZhCii 0 UvjWh 0 dj = 0 . 

ij ZiZ ij ZiZ 

0(1)(2) X =4 ^2^2(z h Wh)tiVjai 0 Si-Uj 
ijl h 

+ 4 ^ ^ ^ ' (ujVj)tiWhCLi 0 SiZh + 4 EE {Siti)VjWh 0 UjZhCLl 0 dj = 0 

ihl j jlh i 

^axn)® = _ 2 E ( SiUjCLrn & ti'Vj'Wh-ZhO'l H"~ ^i^h^m & tiVjWh.Uj&l UjZjxCLiQ/m (£) tiVjWfi.Sj^J (H) CLlm 

ijhlm 

+ 2 ^ (8) tiVjW h .Z h am + SiZhdm ® tiVjWh.UjCLi + UjZhCLiCLm ® ® 5]^ 

ijlhm 


= 0 . 
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As for the operator the component ^ 2 ) x ' s immediately zero by lemma 4.36 For the component 


^(i)(i)X we h ave: 


@(i)(i) x = 6 'Y2 s iUj z hdai <8> UvjWh <S> Si - 4^ ( SiUjd{tiVjWh ) 8 Zh^i + SiUjd(zh.ai) 8) UvjWh ) 8 aj+ 
hi ij hi 

-4^ ( SiZ h d(tiVjWh ) <8 Mj-a; + SiZ h d{ujCLi) 8 UVjW h ) <8 a; 
ijhl 

- 4^ ( UjZh,aid(tiVjWh ) <8 Si + UjZ h aidsi 8 UvjW h ) 8 ai 
ijhl 

+ 2 ^ ( UvjWhd(SiUj ) 8 + Zhaid(siUj) 8 UvjWh 8 ai 

ijhl 

+ 2 ^ ( tiVjWhd(siZh ) 8 UjCii + Ujaid(siZ h ) 8 UvjW h ) 8 aj 
ijhl 

+ 2 ^ ( tiVjW h d(ujZ h ai ) 8 s» + Sid(ujZ h ai) 8 UvjW h ) 8 a; 
ijhl 

Y. (QsiUjZhdai - / is i Ujd{z h ai) - 4 SiZ h d(ujai) - 4ujZ h aidsi 

+ 2 Zhaid(siUj) + 2ujCLid{siZh) + 2 Sid(ujZhai)^J 8 tiVjWh 8 ai = 0 . 


ijhl 


As for the operator we have immediately that = 0 since 

S)(2) x = 3-6 s iU jZ h d 2 {UvjWh) 8 a = 18d^(j/ _ 8 a) = 0 

ijh 

since y _ was chosen in 

Step 3: surjectivity of the map Yd 2,2 -► £ 2 , 2 (—4A). Over the open set 5" U = Spec(S ra i?) the sheaf 

£ 2,2 (— 4 A) can be identified with the module (/a ) 62 ® S n ~ 2 R ; by lemma 4.41 (I A ) &2 = (?a ) 02 (^a ) 02 • 
It is hence sufficient to lift any element of the form y\y 2 8 a, with y,; G (d^) 02 , a = ai... a n _2 € S n ~ 2 R, 
ai G !?. Since they are © 2 -invariants, we can write yi = JA Sj.ij, y 2 = ’YhjUj.Vj. The product yiy 2 will 
then be y\y 2 = ’Yhij( s i u j-ti v j + SiVj.tiUj). Consider the element 

£ = (4yiy 2 8 a,S,T) , 


where 

S’ = 2 8 (aiU).Vj + tiUj 8 (aiSi).vj + SiVj 8 ( aitf).Uj + tiVj 8 (a;Sj).Wj] 8 ai £ U 8 S' 2 !? 8 S n ~ 3 R 

ijl 

T = y(a h Si).(aiti).Uj.Vj 8 iQ G S 4 !?8 S n ~ A R . 

ijlh 

Note that S is in [/ Al2 n?A 13 ] e ^ 2 ’ 3 -^ 8 S n ~ 3 R, since the starting elements y,; have been chosen in / A . Then 
a; is in W 2,2 and it lifts 4yiy 2 8 a. Indeed ^° 3 )X = 0 because x G V 2,2 and ^? 2 ^a: = —4d A (yiy 2 8 a) = 
0 since yiy 2 G I A C / A . Moreover ^? 2 )( 1 ) a ' = 0 because it just depends on S and S is evidently in 
(I Al2 0 J Al3 ) S({2 ’ 3}) 8 S n ~ 3 R. Then 


^(i)( 2 ) x = —4 y^[siUjai 8 tiVj + Uvjai 8 SiUj + SiVjai 8 Uiij + Uujai 8 s,u;] 8 ai 


ijl 


+ 4 yj[aitiVj 8 SjWj + aiSiVj 8 Uuj + arfiUj 8 s^j + aiSiUj 8 ijUj] 8 ai = 0 


ijl 


and 


^(i)(u) x = - 2^ js^a/, 8 ( aiU).Vj + Uuja h 8 ( aisJ.Vj + s^a^ 8 ( aiU).Uj + Uvja h 8 ( aiSi).Uj 
ijlh 

+ 2 ^ |SiUjOh 8 ( aiU).Vj + SiVjah 8 ( aiU).Uj + Uujai 8 {a h Si).Vj + Uv^ai 8 ( a h Si).i 


8 a h i 

8 <Q 


ijlh 


= o. 


52 







We have @L) X = 0 by lemma 


4.36 


Moreover 


9 (i)(i) x = Sd^S = 0 


by the same argument in the proof of lemma 4.38 since S is in [I A fl I A ]®({ 2 > 3 }) S n 3 R. Finally 


r/ (i) 


x = -12d 2 A (y 1 y 2 8 a) = 0 


by lemma 4.39 


since yiy 2 £ 1%. 


Step j: surjectivity of the map W 2,1-1 
l < 3 the contractions Chi : R 8 R 8 R ' - 


/l 2 ’ 1 ’ 1 (—2A). Denote first of all with cm, for 1 < h < 
R 8 R defined as Chi(b\ ®b 2 ® b 3 ) = {bhh) <g» b h i. The 
sheaf £ 2 , 1 , 1 (— 2 A) can be identified with the module (I Al2 D I Al3 D I Ao3 ) e({2,3}) 8 S n ~ 3 R. The ideal 
(I Al2 H l\ i3 n i* M )««».»» is naturally seen in R (8 S 2 R = (R 8 R 8 i?) s (I 2 ’ 3 !). To prove the surjectivity 

of the map W 2-1,1 -*- £ 2 , 1 , 1 (—2A) it is sufficient to show that it possible to lift to W 2 ’ 1,1 elements of the 

form y8a, y £ {l\ 12 f^Ai 3 n ^A 23 ) S ^ 2 ’ 3 ^’ a e S n ~ 3 R. By remark 4.4 and equation (4.2), for s = 2, m = 3, 
we can write y as the invariant sum fg + a(fg), of a product fg, where /, g £ Ia 3 = Ia 12 H Ia 13 H Ia 23 , 
and where a is the permutation exchanging the second and third factor. Hence, writing / = ri®Si® U, 
g = J2 j Vi® Vi® Zj , with 

Chif = c hi g = 0 (4.20) 

for all 1 < h < l < 3, the element y can be finally written as y = ■ TiUj 8 SjVj.tjZj. We claim that the 

element 

x = (2 y 8 a, Uj.SiVj.tiZj.riak 8 dfc) 

ijk 

is in W 2 ' 1 ’ 1 and lifts the element 2 y 8 a. Indeed the operators @( 3 y @® 2 ^ are trivially zero on V 2 ’ 1 ’ 1 ; the 
operators ^(i)( 2 ) an d ®(W) just involve 2y ® a and hence are zero by definition of £ 2 , 1 , 1 (—2A). 

We just have to verify the vanishing of 

X] r *%dfe 8 SiVj.tiZj 8 dfc + 2 ^ TiUjOk 8 SiVj.tiZj ®af = 0 
ij k ij k 


which holds, since all the other contractions of ]Tb )fc Uj.s,Vj.t,Zj^,0^ are zero, because of (4.20). For 
example the contraction 


2 ^2 VjSiVj 8 tiZj.riOk = 2 ^(.s 


i ti < 


i ) ® 1 ® ° fc ) 


‘3 u 3 


1 ) 


ijk 


+ 2 8 r» 8 ti) 8 a fe 8 1) 1 


Zj) = 0 


which vanishes because of the vanishing of C\ 2 g = y~h UjVj ® Zj in (4.20). The other terms are analougous. 


a 


4.4 Toward the general case. 

The aim of this subsection is to explain what we expect about a possible filtration W fl p, t S k L^ of the 
direct image /j*S k L^ , for general n and k, and its graded sheaves grj^. We start with the direct sum 
decomposition 

(S k V L f~ 0 c x . 

\&Pn(k) 

In the previous subsections we used the reverse lexicographic order < r i ex to define a filtration on the 
sheaf ( S k V L ) G and, consequently, a filtration W M on £ k ~ 2 (n,k) ~ n*S k L^. 

The first remark is that, to hope to have a nice description in the general case, the reverse lexicographic 

order has to be replaced by another total order 8 on p n {k), which can be defined as follows. 

Definition 4.44. For two partitions fi\, /i 2 in p n {k) we write yi 8 y 2 if < l(y 2 ) and, in case of 

equality, < rIex p 2 . 
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Remark 4.45. For k < 5 the total order A on p n {k ) coincides with the reverse lexicographic order; as 
soon as k > 6, the two order are different. Indeed, we have 

(6) -< (5,1) -< (4, 2) -< (3,3) -< (4,1,1) -< (3, 2,1) -< (2, 2, 2) -< (2, 2,1,1) -< (2,1,1,1,1) -< (l 6 ) 


which is not an increasing sequence in the reverse lexicographic order, since (3, 3) ^ r iex (4,1,1). 

Thanks to the total order A just defined, consider now a filtration on ( S k VL) G by setting 

:= 0 £ A . 

Aep„(fc) 

As a consequence we have an induced finite decreasing filtration on any sheaf £ l (n, k) and hence an induced 
finite decreasing filtration 

W M := V M D £ fe_ 1 (n, k) 

of fj,*S k LW. 

Secondly, in order to hope to give a general description of the graded sheaves for the filtration 
for any n and k. we propose the following definition. 


Definition 4.46. Let p £ Vnik). For any rn £ N define the sheaf £ M (— mp,A) over the symmetric variety 
S n X as 

^(-m/xA) :=7r*(V<g> f) ■ 

1<*<7 <KF) 

With this definition we can write down our hope for a general structure result about p*S k L^: 


Expectation. For any n^k £ N, n > 1, the graded sheaves of the finite decreasing filtration W* of p.*S k 
are given by: 


gr^ ~ £"(-2/xA) . 


Remark 4.47. Note that the graded sheaves gr]^ of the filtration W*, considered in theorems 


4.30 


4.35 


4.43 are all of the form £ M (—2/xA): hence the above expectation is true for k < 4 or for n < 2. 


Remark 4.48. We worked out by hand several cases for k > 5 and we proved, in the studied examples, 
that over S n X there are left exact sequences 


W " 




£ M (—2/xA) 


(4.21) 


whose restriction to S n X** is exact. Here [i < p! are consecutive partitions inp„(A;), according to the total 
order A. The existence of such left exact sequences should be true for general n and k: we plan to prove 
it in a forthcoming paper. In a future work we also plan to provide evidence that the sequences (4.21) are 
indeed exact. 


Remark 4.49. As mentioned in the introduction, it is likely that the previous expectation holds for general 
tensor powers of tautological bundles or even in the case of general tensor products. Indeed, the filtration 
E * (n, k) can be defined in an analogous way for general tensor products of tautological bundles via kernels 
of operators <pi in Krug’s work IKrul4j : the operators ipi might be considered the ©^-equivariant version of 
operators D l L . As for the filtration V*, there should be a natural way of extending it in the case of tensor 
product of tautological bundles, and maybe even in the case of general tensor products. 


5 Cohomological consequences. 

5.1 A spectral sequence for the cohomology. 

Thanks to the main theorems 4.30 4.35 4.43| of the previous subsections, we can express the cohomology 
H*(X^- n \ S k L^ ®T>a) of the symmetric powers of tautological bundles S k L M ®T>a 7 twisted by the deter¬ 
minant line bundle T>a , via the spectral sequence of the cohomology of a graded sheaf. Using definitions 
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and notations from subsection 4.4 we can formulate the results as follows. Let, first of all, l 


- n{l) be 

the only order preserving bijection between the totally ordered sets ({0,..., |p„(fc)| — 1}, <) and ( p n (k ), A). 
Then we have 

Corollary 5.1. Let n £ N* and k G N, such that n < 2 or k < 4. Then the cohomology 
H*(X^ n fS k L^ (g) T>a) is the abutment of the spectral sequence 

E{’ q ■= H p+q (S n X, (—2p(p)A) (g) V A ) . 

Remark 5.2. Note that, defining the sheaf L p (—mp A) over X n as 

!/*(—ro/zA) := L p 0 f) 

i<i<j<i(n) 

for p a partition of k of length less or equal than n and to £ N, the previous spectral sequence can be 
rewritten as 

E p ' q ~ H p+q {X n , L^ p) {-2p{p)A) ® A^ n f tabG ^ (p)) . 

The cohomology groups in question are the Stabc(/z)-invariant parts of cohomology groups of the sheaves 
L p {—2pA) (g) A® n , which are essentially (up to tensorization by line bundles) ideal sheaves over the smooth 
variety X n . In other words the difficulty of understanding the cohomology of symmetric powers of tau¬ 
tological bundles has been reduced (at least for k < 4 or n < 2) to the difficulty of understanding ideal 
sheaves of the form 

O x ,(-2pA):= p| /g 

i<i<j<i{n) 


over the smooth variety X n . After what we explained in subsection 4.4 we believe that this might be done 
in general. 


5.2 Vanishing. 

As an application of theorems 4.30 4.35| and |4.43| and of corollary |5.1| we give here, when X is projective, 
some effective vanishing results about the cohomology of twisted symmetric powers of tautological bundles. 
Since 

H p (XW,S k LW®V A ) ~ H p {S n X,fi t (S k LW) ®V A ) 

by Leray spectral sequence, it is indeed clear that, for A sufficiently ample (or for L and A sufficiently 
ample), the higher cohomology H p {X^ n \ S k L M (g) D A ) has to vanish, since the sheaf A Sn is ample on X n 
and hence V A is ample on S'"A'; this fact is even more evident in corollary |5.1| and remark [572] Here, for 
k < 4 or n < 2, we will give an explicit bound for the positivity of L and A in order to achieve the vanishing. 
We will need the notion of a to- very ample line bundle |BS9ll . 

We start by recalling that we denoted with A„ the big diagonal in A", that is, the closed subscheme 


of X n defined by the ideal ni<i<j< n /A,,- (see notation 4.3). 


Remark 5.3. Indicate now with E the exceptional divisor (or the boundary) of X ["1 : it is the exceptional 

divisor for the Hilbert-Chow morphism and the branching divisor for the map q : B n ->- X I"!. It is well 

known [Leh99j Lemma 3.7] that 

O x w(-E) ~ (detO % ] )® 2 ■ 

As a consequence there exists a divisor e on the Hilbert scheme X^ such that E = 2e, and such that 
O x [n] (—e) ~ det . It is also well known that det ~ T>l ® det O ^, which can be rewritten, with the 
notations just explained, as 

detL [n] ~X> L (-e) . (5.1) 

Denote now with Eb the exceptional divisor over the isospectral Hilbert scheme, that is, the exceptional 
divisor for the map p : B n ->- A". We have Ob™(—Eb) — q*O x in](—e), and, as G-equivariant sheaves: 


Rp* 0 B 4 -lE B ) = i l An 


)e G . 


(5.2) 
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where eg is the alternating representation of G ~ & n . Taking G'-invariants we immediately get 


R ii*O x in]{-le) = 7rf (/i„ ® £g) • 


(5.3) 


The proof of (5.2 1 appeared in [Scal5al Theorem 1.7]. 

We now study the positivity of the line bundle det L^ n 1 on JfW in terms of the positivity of L. The 
following example (communicated to us by Eyal Markman) proves that the fact that L is ample (or even 
very ample) is not sufficient for det lA rl \ to be big and nef. 


Example 5.4. Let X be a complex projective K3 surface and let L be a line bundle on X. Note that, in 
our notations, we have, at the cohomology level, the isomorphism of lattices |Bea83] 

H 2 {X [n \Z) ee H 2 {X,Z)® ± Ze , (5.4) 


when we equip the left hand side with the Beauvillc-Bogomolov form q n and the right hand side with the 


form (q, 2 — 2n), where q is the intersection form. The isomorphism (5.1l implies precisely that the class 


ci(detLi n l) corresponds to the couple (ci(L),— e) under (5.4). Therefore 


g n (ci(detL [nI )) = / ci(L ) 2 
J x 


+ 2 — 2 n 


The Beauville-Bogomolov form q n [c\ (det L^)) is now linked to the self-intersection number of detL^l by 
the formula IBea831 |Fuj5? ] 

r o n 

/ cr(detL W ) 2 " = —qnic^detL^r . 

JxM 

Consequently, even if L is ample or very ample, but n is a sufficiently big odd natural number, the integral 
at the left is negative; therefore det Zd”! can’t be big and nef in this case. 


On the other hand the notion of m-very ample line bundle [BS91 , CG90 ] will be fundamental to prove 
the effective vanishing results. 


Definition 5.5. Let L be a line bundle on a smooth complex projective algebraic surface X. Then L is 
called m-very ample if for all £ £ X^ m+1 ^ the restriction map T(L) -*- T(L^) is surjective. 

The concept of a m-very ampleness generalizes the notion of very ampless. Indeed, with the terminology 

just introduced, very ampleness is precisely 1-very anrpleness. In the case the map T(L) -*- T(L^) is 

surjective, let’s indicate with its kernel. It is a subspace of T(L) of dimension h°(L) — m — 1. 

Remark 5.6. If L is m — 1-very ample, the assignment £ i-► Ng defines a morphism 

: iW -► Grass {h°(L) - m,T(L)) . 

Consider now the Pliicker embedding P : Grass {h°(L) — m,T(L)) - ■¥ =: P M , sending 

a subspace W to A h °( L )~ m W and where M = ( h — 1. Denote with J\f the universal bundle on 
Grass (h°(L) — m,T(L)) and Q the universal quotient, that is, the sheaf Q fitting in the exact sequence 


0-*- A/ - -► r (L) <8) O GlSLSS (h 0 (L)-m,r(L)) -*■ Q -*■ 0 ■ 

By construction, under the Pliicker embedding P, we have P*(D{— 1) ~ det M, and hence P*0( 1) ~ det Q. 
Lemma 5.7. If L is m — 1-very ample, we have that ^p* m Q — . 

Proof. Indeed, consider the two projections p x ih and px of the universal subscheme S C iH x X over 

X^ and X , respectively. Tensorizing the exact sequence 0 -*- lz -► 0 X [m] x x -*■ Oz -► 0 by 

p\L and pushing everything forward on X^ via p X M we get the exact sequence 

0 -4* p x[mU {lz®P* x L) -- r(L) 8c Ox w -- iMsU- 0 . (5.5) 


The surjectivity on the right follows from the fact that L is m — 1-very ample and by Nakayama lemma. 
The sequence (5.5) provides a family of subspaces of r(L) of the right dimension which corresponds to the 
embedding ip m . Therefore f ~ p x {™]*(Iz ®p* x L) and hence <p* m Q — □ 
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Corollary 5.8. If L is m — 1 -very ample, then detL^A is nef. If L is m-very ample, then det is very 
ample. 


Proof. If L is to — 1-very ample then the map ip m is everywhere defined. Under the hypothesis, 

det LW ~ <p* m det Q = (P o p m )*0( 1 ). 


(5.6) 


Hence det L^ is the pull back of an ample line bundle by the morphism P o ip m , and consequently nef. If, 
additionaly, L is m-very ample, in particular it is m — 1-very ample [BS9ll : hence (5.6) holds. But if L 
is m-very ample, the morphism is one to one |BS91j . and actually a closed embedding [CG9QJ : hence 
(5.6) implies that detU^ is very ample. □ 


Notation 5.9. If A is a line bundle on AT, by abuse of notation we will still indicate the line bundle 
q*T>A = P* j 4®" on the isospectral Hilbert scheme B n with T>a- 


Proposition 5.10. If L = ® l . i=1 Bi, with Bi m-very ample and B it i = 2,..., l, (m — 1 )-very ample line 
bundles on X, then 2?l(—Z e) is ample on X I m l. If all the Bi ’s are m-very ample then T>L(—le) is l-very 
ample on X . 


Proof. Under the hypothesis, T>i,(—le) = ®i=i ^b, (—e); after corollary 5.8 the line bundle T>B 1 (—e) ~ 


det B is very ample on X^ m \ while each of the Pb ; (— e) ~ det B^, i = 2,... ,1 is nef. Hence D^—le) 
is ample on since it is the tensor product of an ample with a number of nef line bundles. If all the 

Bf s are m-very ample, then all the det B\'"^ are very ample and hence Ze) is l-very ample since it is 

the tensor product of l 1-very ample line bundles |BS9ll . □ 


Corollary 5.11. If L = with B\ m-very ample and Bi, i = 2 , ...,Z, (m — 1 )-very ample line 

bundles on X, then T>l{—IEb) is ample on the isospectral Hilbert scheme B m . 


Proof. Since T>l(—IEb ) = q*T>L{—le), and since q is finite, we have that Vl{—IEb) is ample if Ze) 
is. Under the hypothesis, proposition |5.10| assures that this is the case. □ 

Proposition 5.12. Let X be a smooth projective surface. If L ® u = &) l i=1 Bi, with B\ m-very ample 
and Bi, i = 2 ,..., l, (m — 1 )-very ample line bundles on X, then , T>l{— Ze)) = 0 for all i > 0 . 


Proof. Since the canonical line bundle of the Hilbert scheme of points is isomorphic to the line 

bundle T> Ux , we have H l {X^ m \ T>l(— le)) = H l (X^ m \'D L ^ ui -i(—le) 0 w a -m) = 0 for all i > 0 by Kodaira 
vanishing theorem, since Bj^^-i^—le) is ample, in our hypothesis, by proposition 


5.10 


□ 


Proposition 5.13. Let X be a smooth projective surface. Let p be a partition of k of length l(p) = m and 
let l £ N. Let A and L be line bundles on X such that 


i) L is nef 

ii) there exists an integer r, such that 1 < r < p m and that L r 0 A 0 uif} = B it where Bi is 

m-very ample and Bi, i = 2, 1, are m — 1-very ample line bundles on A. 

Suppose moreover that the isospectral Hilbert scheme B m has log-canonical singularities. Then 

1. H i {X m , L»(-IA) 0 A® m ) = 0 for all i > 0; 

2. H\S m X,C fi {-lA)®V A ) = 0 for all i > 0. 

Proof. Let’s prove the first statement. Let p! the partition of k — mr defined by p[ = pi — r for all 
i = 1,..., m. Then 


L»(-IA) 0 A® m = (L r 0 A^f-IA) 0 , 


where we simply wrote (i r 0 d) Bm (-(A) instead of (L r 0 H ) 1 (— lA). By projection formula and by (5.2) 
we have, forgetting the G-action: 

R P*(V L r® A (-lE B ) 0 p*L^') = L^(-IA) 0 A® m . 
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Hence we have: 


H\X m , L^(-IA) 0 A^ m ) ~ FT (R m , V L r 0A {-lE B ) 0 p*L»') 

* HE B ) 0 P *l/ 0 ) 

* H\B m ,V Lr<S)A ^-i{-{l + 1)^)0/^' 0 Wfl n) 


since wb» = T> UX (E B )- Now the line bundle E > Lr ^ A ^ u -: 1 ( — + 1 )-Eb) is ample, under the hypothesis and 
after corollary 5.11 moreover the line bundle p*L^ is nef, since pull-back of a nef. Their tensor product 


is then ample and we conclude by Kodaira vanishing on a variety with log-canonical singularities |Fuj09[ 
Theorem 4.4]. 

As for the second statement, it follows from lemma |4.11| and from what we said above, noting that: 


H i (S m X, £ M (— ZA) 0 V A ) ~ H i {S m X , tt*(L m (-ZA) 0 A^ m )) Stab ° W ~ H\X m , Z/^-ZA) 0 ^m)Stab 0 (M) ) 


because tt is a finite morphism. □ 

Remark 5.14. The isospectral Hilbert scheme B n is obviously smooth for n = 1,2. We proved in |Scal5b| 
that B n has canonical singularities for < 5. However, it is not difficult to see that B n can’t have canonical 
singularities for high n. Already for n > 9 its singularities are not even log-canonical. 


Theorem 5.15. Let X be a smooth projective surface. Let L, A be line bundles on X such that L is nef 


and A 0 oj x big and nef. Then 

• H l {X^ 2 \ S k L^ 0 T> a ) = 0 for all i > 0 if L 0 A 0 ujf} = <S>j=i Bj; 

• SW 0 Pi)=O for alii > 0 if L 0 A 0 ujf} = 0 ® =1 B j; 

• H\ A'M, S 4 LW ®V a ) = 0 for alii > 0 if L 0 A 0 cj ^ 1 = (g)J =1 Bj , 

where Bj are very ample line bundles on X. 

Proof. By theorems |4.30| |4.35 |4.43| and by the spectral sequence for the cohomology of a filtered sheaf, 
that is, corollary 5.1 to prove the vanishing of the higher cohomology of S k L\ n 1 ®D A for k and n as in the 
hypothesis, we just need to prove that 


H\S n X, gr^®®*) =0 


for i > 0 and for any p £ p n {k). In notation 4.5 we can write grff® T ’ A cs £ M (—2m Al A), where m is the 


length of the partition p. Then, by Kiinneth formula, we have 


H*(S n X, gr^ 0 ®- 4 ) ~ H*(S ,m A',£^(-2m M A) ®V A ) ® H* (S m ~ n X A ) . 

where we have emphasized that Ctf l (—2m /I A) is now a sheaf on S m X. The hypothesis that 4 0^' is big 
and nef guarantees that the higher cohomology of V A over S n ~ m X vanishes by Kawamata-Viehweg. On 
the other hand, for the vanishing 


H\S m X , £^(-2m M A) 0 V A ) = 0 Vi > 0 


it is sufficient, if p 7 ^ (h ,..., h), by proposition 5.13 


the condition that L is nef and that 


(*) 3r £ N, 1 < r < p m such that L r 0 d 0 w A - 1 = with B\ m-very ample and B t (m— l)-very 

ample for i = 2,..., 2m^ + 1 ; 

If p = (h ,..., h), we can use that 
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by projection formula and by (5.3), the fact that L is nef and the fact that, after proposition 5.12 


condition (*) can be replaced by condition 


(**) 3h' £ N, 1 <h'< h, such that L h gAga;^- 1 = Bi with B\ ?n-very ample and Bi (to— l)-very 
ample for i = 2 ,..., 2 h. 

It is now easy to see that, if n = 2 or if k < 4, the hypothesis on L g A g wf} in the statement implies 
both conditions (*) and (**) for any p £ p n {k), for n < 2 or k < 4. □ 


For n = 2, we can prove a variant of theorem |5.15| above in which we achieve the vanishing with a 
positivity bound on L and A independent on k. 

Theorem 5.16. Let X be a smooth projective surface and L, A be line bundles on X. Then 

H\X^\S k L^ g £> A ) = 0 for all i > 0 
if both L and A g are tensor product of two very ample line bundles. 


Proof. After conditions (*) and (**) in the proof of theorem 5.15 for the vanishing of the graded sheaves 


g r w® 2 ? A ; w ith p = (k — i,i) with 1 < i < fc/ 2 , it is sufficient that L l g Ago/^ 1 is a product of (2i + 2 ) 1 -very 
ample line bundles; analogously, if k = 2 h, for the vanishing of the graded sheaf C h ’ h [—2hA) g T> A it is 
sufficient that L h g A g ujf} is a tensor product of (2 h + 1) 1-very ample line bundles. These conditions are 
implied by the hypothesis that both L and dgWy 1 are tensor products of two very ample line bundles. □ 


Remark 5.17. The same proof of theorem |5.15[ together with remark |4.12| yields the vanishing 
HHX^. g V A ) = 0 for i > 0, provided that L is nef, that A g is big and nef and that 

104® u>x is a tensor product of three 1-very ample line bundles. However, using [Sca09al Theorem 
5.1.6], other hypothesis on L and A might be used to achieve the vanishing. 

The preceding results can be rephrased in an easier way if the Picard number of the surface is one. For 
example theorem |5.15| becomes: 

Corollary 5.18. Let X be a smooth projective surface with Picard group Pic(X) ~ Z B, where B is the 
ample generator. Let r be the minimum positive power of B such that B r is very ample. Suppose, moreover, 
that ujx — B w , for some integer w. Let l and a be integers such that l > 0 and a > w. Then, for n = 2 or 
k < 4 

H\X^ n \S k {B l ) M 0 Z> S a) = 0 for i> 0 ifl + a>c, 

where the constant c is: c = r{k + 1) + w if n = 2; c= 5r + w if k = 3, c = 7r + w if k = 4. 

Remark 5.19. Of course over X = P 2 we can state more simply that if l > 0, a > —3, then we have the 
vanishing S k Op 2 (l)^ g 2?Op 2 (a)) = 0 for i > 0 if l + a > c, where c = k — 2, c = 2,c = 4, if n = 2, 

k = 3, k = 4, respectively. 


5.3 The Euler-Poincare characteristic. 

For the sake of completeness, we give here formulas for the Euler-Poincare characteristic of twisted sym¬ 
metric powers S k L^ n 1 g V A of tautological bundles for n = 2 and general k, or for k = 3,4, and general 
n. 

Notation 5.20. For l £ N, denote with (—ZA) the sheaf over S n X defined as: 


^(i)(i)( — n * (^(( 101 ),{ 1 , 2 }) ® ^a 23 ) — 7r * ((Px ® £ 3 )a 12 H 2 L 1 ) g I l A 


where we remember that L , according to notation 2.17 is the sheaf L g O a -'*- 3 on X 


23 

n—2 


Notation 5.21. Let l £ N, 0 < l < n. Denote with v l the map from the partial quotient to the total 
quotient v l : S l X x S n ~ l X -- S n X. 
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The proof of the following lemma can be found in [Scal5a ; Prop. 4.17]. 


Lemma 5.22. We have the exact sequence over S n X: 


£ 2 ' 1 ’ 1 (— 2 A) — C 2,1,1 (—A) — /Cj 1 )( 1 ) (- 2 A) 


((S' Ll x ® L ){i 23 } Kl Ogn- 3 y) -*- 0 , (5.7) 


i6({3,...,n}) 


where the middle map is the differential d x and the fourth one is the composition: 

K( 1)(1) (- 2 A) = 7T. [((fix 0 L 3 ) Al2 0 L 1 ) 0 /i 23 ] 6({3 -*■. [((^ ® L 3 ) Al2 0 L 1 ) 0 li 23 /4 23 ] ‘ =* 

- vl [(d* ® s 2 of x 0 l 4 ) {123} 0 o s n-3 X ] — * [(s 3 nf 0 L 4 ) {123} 0 e» s „-3x] . 
Notation 5.23. Let M a line bundle on X. Denote with Aa(M) the sheaf on S A X defined by: 

MM) ■= MMi 2 ®l M 34 ) 0 Resstabe 4 ({{l,2},{3,4}}) £ S ] Stab e 4 ({{1,2},{3,4}}) _ 


where S is the symmetric group ©({1, 2}, {3,4}) ~ © 2 and where £e is its associated alternating representa¬ 
tion. Here the restricted representation Resgtab e4 ({{i, 2 },{ 3 , 4 }}) £s is induced by the natural homomorphism 

Stabe 4 ({{l, 2}, {3,4}}) -*- S. The local sections of A 4 (M) over an open set of the form S 4 U, where U 

is an open set of X , are H° (S 4 U , A 4 (M)) = A 2 H°(U, M). 


Lemma 5.24. In the K-theory K(S n X ) of the symmetric variety S n X we have: 


[£ 1,1,1 (—A)] = [A 1 ' 1 ’ 1 ] - [JC? 1)(1) ] + [vUi&x ® £ 3 ){ 1 , 2 , 3 } ® 0 S .-3x)l 

[£ 2 ' M (-A)] = [A 2 ' 1 ’ 1 ] - [/C° 2)(1) ] - [/C° 1)(2) ] + K 3 ((L 4 ) {1 , 2i3} B Osn-sx)] + [vU^X ® R 4 ){ 1 , 2 , 3 } B 0 S «- 3 x)] 
[£ 1 . 1 > 1 > 1 (_a)] = _ [/c° 1)(11) ] + (vi(A 4 (L 2 ) HI O s „-4 X )] + [u 4 ((DV 0 L 3 ) {1 , 2 , 3} B £)] 

— ® £ 4 ){1,2,3,4} ^ 0 S r l -4 X )] — [v A ((K X ® L 4 ){1 j2i 3,4} B Ogn-i X )\ 

- K 4 ((^ 3 ^X ® i 4 ){l,2.3,4 } B Os n-4 X )] 

The previous lemma is an immediate application of results appeared in )Scal5al Cor. 3.24, Cor. 4.16]. 

It is a consequence of the detailed analysis of the hyperderived spectral sequence associated to the & n - 
invariant derived tensor product ( = 2 Cr) °f ideals of pairwise diagonals in X n , for n = 3,4: it is 
quite easy for n = 3, but it becomes longer and more technical for n = 4. 

In the following theorem, if F is a coherent sheaf on a projective variety Y, we will just denote with 
x(F) the Euler-Poincare characteristic of F over Y. 


Theorem 5.25. Let neN, n > 1. Let X he a smooth projective surface. Let L and A be line bundles on 
X. Define 6k as 1 if k is even, as 0 if k is odd. Then we have: 

X (A'P1, S*IW ® 2U) = 4 ( x(tl ‘ /21 ® '" + l )+ "if 1 x(£‘-‘ ® A)x(L> e A) 


i =0 
k—2 


3 = 0 


® L k 0 A 2 ) 


x(i w ,s 3 lW ® z> A ) = ~ 2 )x (^ 3 ® A ) 

[x(L 2 0 A)x(L 0 A) - x(T 3 0 A 2 ) - x(^x ® £ 3 ® -4 2 )] 

- x(L 2 0 A 2 )\(L 0 A) + x(f^x 0 £ 3 ® A 3 ) 


f x(A) + n — 3 

V »-2 

fx(A) + n- 4 

V n-3 


f x(£ 0 A) + 2 ' 
3 
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*(*["]. S a lW ® V A ) = 1 2 )x (£ 4 ® 


+ 


fx(-A) + n- 3 
V n -2 


X {L 3 0 A)x(L 0 A) - 2x(i 4 0 A 2 ) - X(^V ®i 4 ® ^4 2 )+ 


f x{L 2 0 A) + 1 


- X (S fix ®X ® A ) 


+ 


+ 


V 2 

{ X(A) n + -T “) ^ ® A) (* (L ® 2 A) + ') - X (I> ® A 2 ) X (I, ® A) 

- x(L 2 0 A 2 )x{L 2 0 A) + x (£ 4 0 A 3 ) - x(f>x 0i 3 0 A 2 )x(T 0 A) 
+ 2x(^x 0L 4 0 A 3 ) + x(^.V 0!Jx®L 4 ® A 3 ) + x(5 ,3 0^ 0 L 4 0 A 3 ) 
/xO^) + n - /x(i 0 A) + 3^j _ ^ ^ ^x(£ 0 A) + l^j 


X'(L 2 0 A 2 ) 


+ x(^V 0 L 3 0 A 3 )x{L 0 A) - x(^x ®i 4 ® A 4 ) 


- x(A'a- 0i 4 0 A 4 ) - x(5 3 n^ 0l 4 0 A 4 ) 


where we intend that a binomial coefficient is zero if h < 0 . 

Proof. We will just prove the formula for k = 4 and n > 4. The proof for the other cases is similar and 
easier. First of all we have, by Leray spectral sequence and by theorem |4.43[ 

x(xW,S 4 lW®V a )= Y, x(S n X, gr”® v *) = £ x(S n X,C^~ 2m„A) ® Z> A ) 

P&Pn{ 4) P£Pn{4) 

= x(£ 1 ’ 1 ’ 1 ’ 1 (-2A) 0 ZU) + x(-^ 2 , 1 ’ 1 (—2A) 0 P A ) 

+ x(>C 2 ’ 2 (-4A) 0 ZU) + x(£ 3 a (-2A) 0 V A ) + X (£ 4 0 V A ) . 

In the computation of the Euler-Poincare characteristic x{g r ^® T>A ) °f the graded pieces we will use re¬ 
peatedly lemma |4.11| and the fact that the Euler-Poincare characteristic of the direct image of a sheaf via 
a finite morphism is equal to the Euler-Poincare characteristic of the original sheaf. We have: 


x(A) + n - 2 
n — 1 


x(£ 4 0 V A ) = x(L 4 0 A)x(S n ~ 1 X, V A ) = x(£ 4 0 A) 

Moreover, from the exact sequence 

0 -. £ 3 , 1 (—2A) -► A 3 , 1 (-A) -► u 2 [(Q^ 0 L 4 ) {1;2} MO Sn -, x ] -► 0 

we get 

X(£ 3 ’ 1 (-2A) 0 V A ) = x(A 3 ’ 1 (-A) 0 V A ) - x^x 0 L 4 0 A 2 ) X {S n ~ 2 X,V A ) 

= x(A 3,1 0 V A ) - X (L 4 0 A 2 )x(<S'" _ 2 X, V A ) - X (^x 0 L 4 0 A 2 )x(S n “ 2 X, Z> A ) 
= x (^ 3 0 A) X (L 0 A) - x(i 4 0 A 2 ) - X(^x 0i 4 0 A 2 )] x (S n ~ 2 X,V A ) 

As for x(>C 2-2 (— 4A) 0 V A ) we use the exact sequences: 

0 -* £ 2,2 (—4A) —► £ 2,2 (— 2 A) - ► v 2 [(S 2 n] x 0 L 4 ) {1 , 2} H O^x] -* 0 


£ 2 , 2 (—2A) 


£ 2 


■■ 2 [L 4 h2} mo sn -,x\ —- 0 
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to compute: 


X(£ 2 ’ 2 (-4A) ® V A ) = x (£ 2 ’ 2 0 V A ) - x (£ 4 0 A 2 )x(S"- 2 A, Pa) - xiS 2 ^ 0 L 4 0 A 2 ) X (S n ~ 2 X, V A ) 

' f x(L 2 ® A) + 1\ 






- x(i 4 0 -4') - x(S 4 Sii- ® L 4 ® x(S n ~‘X,V A ) . 


□ 


For x(£ 2 , 1 , 1 (—2A)), we use lemma 5.22 and lemma 5.24 to get: 


X(£ 2 ’ M (— 2A) ® V A ) = x(A 2,1 ’ 1 (—A) ® V A ) - x(/C[ 1)(1) (- 2A) ® Pa) + x(S 3 ^ ® A 4 0 A 3 )x(S”- 3 X,Pa) 
= xOC 2 ’ 1 ’ 1 ® ©a) - x(^ 2)(1) ® Pa) - X(^(i)( 2 ) ® Va) + x(A 4 ® A 3 ) X (S n ~ 3 X, V A ) 

+ X {Q} x ® L 4 ® A 3 ) X (S n ~ 3 X, V A ) - x(/C[ 1)(1) (-2A) ® Pa) 

+ x(5 3 «V ® A 4 ® A 3 )x(^”- 3 X,Pa) ■ 


Since 


x (£ 2,1,1 ® Pa) = x(A 2 ® A) 


X (L ® A) + 1 
2 


X (S n ~ 3 X,V A ) 


x(iq 2 )( 1 ) ® ®a) = x(A 3 ® ^)x(A ® A)x(5"- 3 A, Pa) 
X(^i )(2 ) ® Pa) = X(L 2 ® A 2 ) X (A 2 ® A)x(S"- 3 X, Pa) 


and since 


X(/C 3 1)(1) (-2A) 0 Pa) = x(K(i )( i)(-A) 0 V A ) - X (^ 0^0i 4 0 A 3 ) X (S n ~ 3 X,V A ) 
= x(^x 0i 3 ® A 2 )x(A 0 A) - x(^x 0i 4 0 A 3 ) 

- x (f& 0«x0i 4 0 A 3 )] X (S n ~ 3 X, Pa) 

we finally get: 


X'(P 2,1 ’ 1 (—2A) 0 Pa) = x(A 2 0A) 


- x(A 3 0 A 2 )x(A 0 A) - x(i 2 0 A 2 ) X {L 2 0 A) 


x(A 0 A) + 1\ 

2 

+ X (L a 0 A 3 ) + 2x(0^ 0 L 4 0 A 3 ) - x(^x ® A 3 0 A 2 )x(A ® -4) 

+ x(^x 0 Vx ® A 4 0 A 3 ) + x(5 3 fi^ 0 A 4 0 A 3 )] X (S n ~ 3 X, Pa) . 


As for x(P 1,1,1,1 (— 2 A) 0 Pa), using lemma 5.24 we compute first: 


X{L 0 d) + l) 
2 




x(S”- 4 X,»x) 


X(^°i)(n) ® Pa) = x(A 2 ® -4 2 ) 

x(vi(ML 2 )®O s -- 4x) 0 Pa) =x(^ 4 A,A 4 (L 2 0 A 2 ))x( 5"- 4 X,P a ) 

[X{L 2 ®A 2 




x {S n ~ 4 X,V A ) . 


Hence 

x (£ 1 ' 1 ’ 1 ’ 1 (-2A)0Pa) = 


f x(A 0 A) + 3\ 
4 ) 






x(L‘®A^ L ® 2 A) + 1 ) + ( x(L2 ® A2 f 

+ x(fix 0 a 3 0 A 3 ) x (L 0 A) - x(^x 0 A 4 0 A 4 ) - X (K x 0 A 4 0 A 4 ) 
- X (S 3 n 4 x 0 A 4 0 A 4 )] x(5"- 4 A, Pa) . 

Putting all terms together we get the formula in the statement. 
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A Higher differentials in the spectral sequence of a bicomplex 


We present here a brief review of how higher differentials in a spectral sequence are defined and a couple 
of technical lemmas needed in the main text. Let (T*,d) a complex (in an abelian category) equipped 
with a (decreasing) filtration F*T, preserved by the differential d, in the sense that dF p T n C F p T n+1 . 
We indicate the associated graded object with gr^T” := F p T n /pp+ 1 T n . The level zero of the spectral 
sequence associated to ( T*,d ) and the filtration F* is defined as Aq’ 9 := gr p F T p+q . The groups Z p,q and 
B p ’ q are defined as 

Z p ’ q := {x G F p T p+q | dx G F p+r T p+q+1 } , B p,q := Z^\' q ~ 1 + dZ p r Z[ +1 ’ q+r ~ 2 . 

By definition one has B p ' q C Z p ' q , since the two summands Z p +^’ q ~ 1 and dZ p Z[ +1 ’ q+ ' 2 are in Z p ’ q . Note 

moreover that d defines a differential d : Z p,q --► z p+r,q ~ r+1 by definitions of the terms Z p ’ q . Now 

dB p ’ q C B p+r ’ q ~ r+1 by definition of B p ’ q , and hence one can define the higher differential 

^ r pp,q ._ Z p ' q / B P ’ q _ *. ZP+ r ,9—r+1 j B P+r,q-r+l j^p+r, q—r+1 


Let us now apply these facts in the case of a bicomplex. Let (A'* *. 6, d) be a double complex with 6 the 
vertical differential and 3 the horizontal one. It is intended here that the differentials S and d commute. Let 
moreover T n = ® p + q — n K p,q be the associated total complex, with differential d , defined on the component 
K p ’ q as 6 + (—l) p d, equipped with the natural filtrations 


F p T n = 0 K r ’ s , 

r-\-s—n 

r>p 


W q T n = 0 K r ' s 

r-\-s=n 

s>q 


The total differential d respects the filtrations. We have gr p p T p+q = F p T p+q / F p+1 T p+q ~ K p ’ q , and, 
analogously, gr^ T p+q ~ K p,q . In the sequel, spectral sequences will always be associated to the filtration 
A*. In this case 


z«= *e ® 


K v 


•i+v=p+q 

1L~>p 


dx G 


© 


K v 


u-\-v=p-\-q -\-1 
n>p+r 


(A.l) 


Notation A.l. Let (T*,d) the total complex of the bicomplex d). If x G T n we will indicate with 

x s its component in K s,n ~ s and with x> r the sum of the components in ®^> r A' ^, ™ _^ . Analogously for x< r , 
x >r , etc. 


Lemma A.2. Let ( T*,d ) the total complex of the bicomplex (K* *,6,d), equipped with the filtration F * 
described above. Suppose r > 1. If [a;] G E p ’ q , x G Z p ' q , then d p ’ q [x) = [dx p+r -i} in E p+r ’ q ~ r+1 . 


Proof. By (A.l) we have that Z p ’ q is the set of x G F p T p+q such that (dx)< p+r - 1 = 0. If x G Z p ’ q 


then d p,q [x] is the class of dx in E p+r ’ q r+1 = Z p+r ’ q r + 1 /B p+r ’ q r+1 , that is the class of dx = 
(dx)> p+r = dXp+r-x + dxp +r + dx > p+r+ 1 in z p+r ’ q ~ r+1 / B p+r ’ q ~ r+1 . We have that B p+r ’ q ~ r+1 = 
dZ^l’ q ~ 1 + z p + 7 f+ 1 , q - r . n qw j s immediate to prove that dx > p+r+ 1 G Z p +[ +1,q ~ r , since d(dx> p+r+ 1 ) = 0; 
moreover dx p+r is in dZ p + J’ 9-1 , since x p+r G Z p ff\' q ~ x . Hence d p,q x = dx p+r _i modulo B p+r ’ q ~ r+1 . □ 

Lemma A.3. Let (T*,d) the total complex of the bicomplex (A'* - *, 6, d), equipped with the filtration F * 
described above. Suppose that [x] G E p ’ q with d p ’ q [x\ = 0. Suppose that r > 1. Suppose moreover that there 
exists w p+r G K p+r ’ q ~ r such that dx p+r _i = Sw p+r . Then = [i dw p+r ] in E p p [ +1 ' q ~'. 

Proof. If d p ’ q [x) = 0, then dx = 'y + dd G B p+r ’ q ~ r+1 = z p r +[ +1 ' q ~ r +dZ^ q ~\ with 6 G Z p +}’ q ~ 1 C B™. 
Hence, setting a := x — 0, we have that [o] = [x] G E p ’ q and a G Z p pl , since 7 G F p+r+1 T p+q+1 . Set 
now w = Wp+ r and consider fd = x< p + r _i + w. It is clear from the hypothesis that (3 G Zf’Z and hence 
a — fd G Z p ’ q x . From the preceding lemma we have d p,q t [a] = [ dx p+r \, d p ' q x [/?] = [dui p+T .]. Therefore it 
is sufficient to prove that [a] = [/3] in E p ’ q x , that is, a — /3 G But d(a — /3) G F p+r+1 T p+q+l since 

a — fd G Z p ' q x . But, trivially, a — fd G F p+1 T p+q 1 hence a — fd G Z p+1 ' q ~ l , by definition of ZP +1,9_1 . But 
Z p+1 ’ q ~ 1 C B™ v □ 
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Corollary A.4. Let (T*,d) the total complex of the bicomplex (K*’*,6,d), equipped with the filtration 
F* described above. Suppose that r > 1 and that [x] £ E p,q with d p,q [: r] = 0. Suppose moreover that 

E p+r,q-r -1 = E P+r,q-r- 1 _ 

via the differential 6, we can lift the element dx p + r -\ to an element 
Wp+ r £ K p+r,q ~ r , with 5w p +r = dx p + r -i. Hence one has d^+iN = [dw p + T ]. 


B Koszul complexes, multitors and invariants. 


Remark B.l. Let V be a finite dimensional vector space over C. Let n £ N, n > 1. The symetrization 

map sym is the canonical projection sym : V ® 9 ->- S q V sending ui 0 ■ • • 0 v q i->- (l/g!) Y^aee q v <r(i) ® 

• • • ® v„t q \, where the right hand side is an invariant element of V ® 9 (for the action of & q permutating the 

factors) and hence seen in S q V. Analogously, the antisymmetrization alt : V® 9 - A q V is defined as 

alt : i>i®- • -®v q I-► ( 1 /g!) X)tree„( — ®' • '® v a(q)> where (— 1 ) CT is the signature of the permutation 

a. Then, following convention |1.5| for the definition of symmetric and wedge products for elements of V, 
we have the formulas: 


sym(ai. • • • .a k 0 h. ■ ■ ■ .b q - k ) = 


k\{q — k)\ 


q'- 


a\. ■ ■ ■ .a k .bi ■ ■ ■ .b q _ 


'q-k 


k\(q — ! 

alt(ai A • • • A Ofc (g) A • • • A b„_ k ) = — -:—— Oi A • • • A a k A b\ ■ ■ ■ A b Q _ k 

q\ 


Notation B.2. In what follows R k ~ C fc will always denote the natural representation of & k , p k will denote 
the standard and e k the alternating one. The representation R k splits as R k — p k ® lfc, where 1^ is the trivial 
representation. Let now e*, i = 1,..., k be the standard basis of C fc . The vector a k := i e i £ Rk i s 
invariant for the natural action of & k on R k and generates the trivial representation l k . The representation 
\k ~ 1 p k is 1 -dimensional, coincides with the alternating representation of ©& and is generated by the element 
Wfc_i = (—l) fc— * 6 ^ where e) = e\ A • • • A ej_i A e i+ \ A • • • A e k . 


Lemma B.3. Let V be a complex vector space of dimension 2 and consider the GL(V) x & k - representation 
A q {V®p k ). It has & k -anti-invariants if and only if q = k—1: in this case they are isomorphic, as GL(V)~ 
representation, to S k ^ 1 V. 


Proof. The dimension of the space of anti-invariants [A q {V (g> p k ) ® efc] Sfc is given by the scalar product 
(XA<i(v<g>p k )®e k ,Xi) between the character of the representation A q (V (g> p k ) (g> e k and the character of the 
trivial one. With a proof analogous to |Sca09al Lemma B.5], it is easily computed to be 


dim[A 9 (V ®p k )®£ k ] 6k = (XA«(v® Pk )®£ k ,Xi) = 

Recall now the isomorphism of GL(V) x G^-representations (see I FH91] . ex. 6.11): 

A q {V®p k )~($S x V®S x 'p k 

A 

where A' denotes the conjugate partition to A and where the sum is on the partitions of q having at most 
dim V rows and dim p k columns. The anti-invariants are: 

[A q (V ® Pk ) 0 e k f« ~ 0 0 [S x ' Pk 0 e k ] 6 « . 

A 

We know that the anti-invariants are zero if q k — 1. If q = k — 1, the anti-invariants contain the summand 

indexed by the partition A = (k — 1) of k — 1: 


k if q = k — 1 
0 if q k — 1 . 


5 fc_1 V 0 [A fc -Vfc ® £ k ] ek ^ S k - x V 0 [e 2 k ] ek ~ S k - l V . 


But this summand has dimension k, therefore there are no more invariants. 


□ 
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Let now Y be a smooth subvariety of a smooth variety X and let i :Y c —► X be the closed immersion. 
Denote with Ny/x the normal bundle of Y in X. Consider a line bundle L on A' and let Ly be the 
restriction of L to the subvariety Y. The symmetric group ©i acts on the /-multitor Tor q (Ly,... ,Ly) by 
permutation of the factors; it turns out that, as a ©j-sheaf |Scaf)9al Lemma B.3] 

Tor q ( L Y ,...,Ly) ~ A q (N$ /x 0 Pl ) 0 Lf . 

I —times 

Corollary B.4. If codim Y = 2 the l-rrmltitor Tor q (Ly ,..., Ly) has nontrivial &i -anti-invariants if and 
only if q = l — 1 . In this case the anti-invariants are given by [S 1 ^ 1 Ny, x ) 0 L® ■ 

Remark B.5. Let now F be a rank 2-vector bundle on the smooth variety X and let s a section of 
F transverse to the zero section. Consider the Koszul complex K m := K*(F,s). The symmetric group 
&k acts on the fc-fold tensor product K*{F, s) 0 ... 0 K*{F, s ) by permutation of the factors. Note that 
K’(F,s) 0 ... 0 K'(F,s) is naturally isomorphic, as a 6 fc-equivariant complex, to the Koszul complex 
K'{F 0 Rk,s 0 Ok)- The latter is isomorphic to the tensor product K'(F, s ) 0 K*(F 0^,0). 

By lemma [B73| we can then deduce: 

Corollary B. 6 . The © k~anti-invariants of the k-fold tensor product K* (F. s) 0 ... 0 K* (F. s ) are given 
by the complex: 

[K* (F, s) 0 ... 0 K%F, s ) 0 e k f k ~ [K m {F 0 R k , s 0 a k ) 0 e k f k ~ K*(F, s ) 0 S k ~ 1 F[k - 1] . 


Corollary B.7. Let V be a complex vector space of dimension 2. Then the & k -representation A q (V 0 R k ) 
has anti-invariants if and only if k — 1 < q < k + 1. In these cases the anti-invariants are: 

r S^V if q = k — 1 

[A , (F 0 ^) 0 £ fc ] 6t = S k ~ t V 0 V if q = k 

{ S k ~ 1 V 0 A 2 V ifq = k + 1 


Remark B.8. Note that, as in the proof of B.3 for k — 

S^V® A q ~ k+l V ► 


1 < q < k + 1 , one has a natural inclusion 
A q (V 0 R k ) 0 £fc 


which induces an isomorphism at the level of ©^-invariants (here & k acts trivially on the left hand side). 
More precisely, the inclusion is the composition: 


S k ~ 1 V 0 A q 


-k+l 


V 


[S^V 0 A k ~ 1 p k 0 £ k ] 0 [A q ~ k+1 V 0 lfc] -► 

-► A k ~\V 0 p k ) 0 e k 0 A q ~ k+1 (V 0 lfc) 


A q {V ®R k )®e k . 


The first isomorphism is non canonical and depends on the choice of a basis of A k ~ 1 p k 0 e k and lfc. To 
simplify constants, it turns out that it is better to choose uj k -i = w k - i/(fe— 1 )! and cr k as basis of A k_1 p k ®e k 

and lfc, respectively. The first arrow is then given by: .u k -i 0t>i A • • • A v q - k +\ i -► (ui.--- .u k - 10 

ufkY i) 0 (iq A • • • A v q -k+i 0 Ufc), the last one is given by the alterating map, considered in remark 
the second one we have the lemma below. 


B.l 


For 


Lemma B.9. Let k a positive integer and let V, W be finite dimensional vector spaces, with k < dim W. 
The natural inclusion S k V 0 A k W c —► A k (V 0 W) is given by: 


u\ ■ ■ ■ u k 0 Vi A • • • A v k 


Proof. Indeed 


0 ^l) A • • • A (Ur(k) ® Vk) 

re&k 


Ul • • ■ U k 0 V\ A • • ■ A Vk = ^2 ^2 ® ® Wr'(fc) © *V(1) ® • • ■ 0 v a(k ) 

ctGSj, r'GSfc 

'y \ ^ ^ ( 1) ^TCr(l) © * ■ ■ 0 ^ ^cr(l) © ' ' * ^ V<7(k) 

ctGS k rG6* 

= y: (^r(i) 0 fi) a • • • a (u T (fc) 0 v k ) 

TG0fc 


□ 
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Remark B.10. The last expression can be also rewritten as: 

E ( U r(l) ® Ul) A • • • A (u T (fc) <g> v k ) = E (~ 1 ) T ( U 1 ® ^r(l)) A • • • A (u k <g> U T ( fc )) . 

reS), TSSfc 

Lemma B.ll. The element tOk- 1 identifies to the element 

E (-l) T r*(ei <g) • • • <g> e fc _i) = E (-l) T e T (i) ® • • • ® e T(fc _i) . 

TG&k TG&k 

Proof. The group &k is generated by &k-i and the transpositions (■ ik ), i € {1, k— 1}. Therefore the cosets 
&k/&k -1 are in bijection with {(ik), i G {1, ..., k}}. In other words 6/ c = Therefore 

fc 

E (—l)' r T* (ei <g> - - - (g) e fc _i) = E E ® ® e <,ik)o(k-i) 

rG©fc i=l crG©fc_i 

k 

= — ^ e (ifc)(i) A • • • A e(ifc)(fe_i) 

i=l 

k 

= “ e i A *' * e *-i A A ei+i A • • • A e fc _i 

i=l 

k 

= - ^(-l) fc_ ' _1 ei = wjfe-i . 
i=l 

□ 


Lemma B.12. 77ie element 


E (-l)' r T*[w fc _2 <g> CTfc-l] 

[T]e©k/©fc_i 


«s well defined and coincides with u>k-i 


Proof. If we replace the representatives r of the classes [r] G & k /&k- 1 with representatives rer, where 
a G 6fc-i) the sum doesn’t change, due to the fact that Uk -2 is &k—i- ant i-in var i ant and <Tk is & k -i~ 
invariant. Hence we can take as a set of representatives of &k/&k -1 the set {(ik), i G {1,..., k}}. The 
sum in the statement can be written as: 


- E(* fe )*[ wfc - 2 ® °*-i] = - EE^*K- 2 ® e t] 

i=l i=lj=l 

fc fc-1 

= -EEw* E (- 1 ) 0 ^cr(l) & * * * & ^<y(k — 2) & C? 

*=1 J = 1 crG©fc-l 

fc fc -1 

= EE E ( 1) ^(ifc)cr(l) ® ® 6(ik)(r(k — 2) ® ik)j 

i=lj=1aeG k _i 
k 

^ ^ ^ ^ ^ ^ ( 1) ^(ifc)cr(l) & * ‘ ‘ & ^(ifc)cr(fc —2) ® ik)j 

i= 1 1 < j < fc — 1 

.7G{o-(l),...,(T(fc-2)} 

fc 

-E E E ( 1) ^(ifc)cr(l) ® ‘ ‘ ‘ ® ^(ifc)cr(fc —2) ® ^(ik)j • 

i=l 1 < j < fc — 1 <rG©fc_i 

j^{o-(l),...,a(fc — 2)} 


The sum 


E E ( 1) ^-(ifc)cr(l) 0 ' ' ' 0 ^{ik)u{k— 2) ® ik)j 

1 crG©fc-i 

jG{o-(l),...,cr(fc-2)} 


can be rewritten, for some Z G {1,..., k — 2}, as 


fc —2 fc —2 

^ ^ ^ ^ ( 1) £(ifc)<r(l) ® ® £(ifc)<r(fc—2) ® C(ik)a(l) ^ ^ ^(ifc)l A * * * A 6(ifc)(fc—2) A C(ik)l = 0 5 

Z=1 crGGfc — 1 Z—1 
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and hence is zero. Consider the second sum. If j ^ <r(i), for i £ {1,..., A;—2}, then, necessarily, j = a{k— 1). 
The second sum becomes: 

k k 

^ ^ ^ ^ ( 1) ^(ifc)cr(l) & * ' * & €(ik)er(k — 2 ) ® ^(ik)cr(k — 1) ^ ^ ^(ifc)( 1) A • ■ • A €-(ik)(k — 2 ) A C(jfc)(fc —1) 

i=l crGSfc_i i=l 

k 

~ - y] ei A • • • A ei_i A e*, A e i+ i A e*,_i 

i=l 

A; 

= - A • ■ • A ei_i A e i+ i A e fc _i A e*, 

i=l 

k 

= y (-l) fe_I ei = Wfc -1 

i=l 

□ 


Notation B.13. Recall that I?*, ~ C fc is the natural representation of 6 /,.. We will indicate with R k _i(i), 
for i £ {l,...,fc}, the vector space: R k -\(i) '■= R k /(ei). It is isomorphic to the natural representation 
of &k-i{i) := ©({1, ...,fe} \ {i}) ~ &k- 1 - We will indicate with p k _i(i) the standard representation 
of ©fc_i(i), embedded in Rk-i(i), and with <Jk-i (*) the invariant element ak-i (z) '■= XnCiCfc i^j e i- ^ 
generates the trivial representation lfc_i(z) of ©fc_i(z), seen embedded in Rk-i(i). We indicate moreover 
with Ek_i(i) the alternating representation of &k-i (?'), that is, £fc_i(z) = A k ~ 2 p k —i(i). 


Lemma B.14. Let V a vector space of dimension 2. Consider the map of & k -representations 


k k 

®/i : ® A k ~ 1 {V 0 R k -i(i)) 0 £k-i{i) -► A k ~\V®R k )®e k . 

1=1 2=1 

The induced map of & k -invariants can be identified with the map (k — l)sym where sym : S k ~ 2 V 0 
V -*- S k ~ l V is the symmetrization map. We have: (k — 1) sym(zti ■ • • u k -2 ® v) = u± ■ ■ • u k - 2 V ■ 


Proof. By the preceding lemmas, the map of invariants can be identified with a map 

-*- S k ~ 1 V. Let us now determine this map precisely. By remark B .8 the map of ©^ 

i=ifi) 6k can be identified with the map of ©fe-invariants of the map 


V 


S k ~ 2 V 0 
invariants 


k 

® gi : \{S k ~ 2 V 0 k k ~ 2 p k ~i{i)) 0 £ k -i{i)\ 0 [V 0 l fe __i(i)} -#• A fc-1 (R 0 R k ) 0 e k , 

2=1 

where gi is the ©^-i-equivariant composition: 

gi : [(S k ~ 2 V®A k - 2 p k _ 1 (i))®£ k _ 1 (i)]<8>[V®l k _ 1 (i)] —► A k ~ 1 (V®R k _ 1 (i))®e k _ 1 (i) — A- A k ~ 1 (V®R k )®e k 


of fi with the natural inclusion 

[( S k ~ 2 V 0 A k ~ 2 pk-\{i)) 0 £ k —i(i)\ 0 [V 0 lk-i(i)] 


A fc_i (V 0 R k _i(i)) 0 £ k . (B.l) 


A‘- 1 (b0Jl l ._ 1 (i))0E t - 1 (*) 


Now the inclusion (B.l) factorizes through: 

[( S k ~ 2 V 0 A fc_ 2 p fc _i(i)) 0 £ k -i{i)\ 0 [V 0 lfc-i(z)] 

• . 1 

li 0 ldy0i fc _ 1 

A k ~ 2 (V 0 Rk-i(i)) 0 £fc_i(i) 0 [V 0 lfc-i(i)] 
where ii is the natural inclusion: 

U : S k ~ 2 V ® A k ~ 2 p k ^{i) S i - 2 b 0 A*- 2 l? t _ 1 ( ! ) ^ - A k ~ 2 {V ® Rk-i(i)) 


6 with the choices made in remark B.8 
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On the other hand, the map 9i is just the anti-symetrization. Hence the map gi is the composition 
9i = fi ° Oi ° (*i 8 idv^gjifc—i) = Vi ° {U 8 idv®i fe _ 1 ), where the map % is defined as rji := ft o 9i. By Danila’s 
lemma for morphisms, in the identification S k ~ 2 V <g> V ~ [®j_ 1 A fc_ 1 (V’ © R k _i(i)) 8 £fc_i(i)] Sfe explained 
in remark B .8 the map of invariants is given by 

[®i=i9i) 6k (ui ■ ■ ■ u k -2 ®v)= y (-iyv*g k {ui ■ ■ ■ Wfc -2 8 wjTTj(fc) 8 v 8 a k -i(k)) 

= y (-l) v ^*»7fc[ife(wi • • • Wfc-2 0 Uk^i{k)) 8 f ® c fc _i(fc)] 

MeSi./Sfc_i 

Consider now, as set of representatives of & k -i /& k -2 the cycles { 7 *, i = 1,. .., k — 1}, where 7 * = (i, « + 
1, ..., k — 2, k — 1). The element is nothing but the sum 

^ k— 1 

^( fc ) = (fc _ 2) , 5Z(- 1 ) 7 “ e 7.(l) A ' ’ ’ A e 7.(fe-2) • 

Hence by lemma |B.9| and by remark |B.10| 


k -1 


4 («i • • • Mfc _2 8 w/c^(fc)) = — — y (-l) 7i 4(ui • • • U k - 2 <8 e 7 i( i) A • ■ • A e 7 i (fc_2)) 


2 — 1 
fc-1 


/j^, _ 2'jj ^ y ( 1) ^ ' ( 1) ( U 1 © e 7i®(l)) A ’ ■ ■ A {u k —2 8 6'Yi6(k—2)) 

^ *=i eee fc _ 2 


(fc-2)! 


y, (-l) T (ui (8 e r (i)) A • • • A (M fe _2 (8 e T ( fc _ 2 )) 


rGSfc-1 


Hence the term r 7 fc[ifc(wi • • • Wfc -2 8 0 Jk^ 2 {k)) 8 (v 8 < 7 fe_i(fc))] can be rewritten as 
y (-l) r (ui 8 e T (i)) A • • • A (M fc _2 8 e T(fe _ 2 )) A (v <g> a fc _i(fc)) 


(fc- 1 )! 

1 

(k^lj! 


(k — 1)! 


re©fc-i 


E <-u r E (-l) CT a-*[(rti 8 e T (i)) 8 • • • 8 (wfe -2 8 e T(fc _ 2 )) 8(«8 a fc _i(fc))] 


re©fc_i o-eSfc-i 


y (-l) r y (-l) CT cr*(wi 8 ■ • • 8 Mfc -2 8 c) 8 cr*(e r(1 ) 8 ■ ■ • 8 e r(fc _ 2 ) 8 CTfc-i(fc)) 


TG©fc_i o-G©fc_i 


(*-!)! 


(fc- 1 )! 


y (-l) ff (Tt («1 8 • ■ • 8 «t -2 8 w) 8 O’* y (-l) r e r (i) 8 ■ ■ • 8 e T ( fc _ 2 ) 8 cr fc _i(fc) 


crGSfc_i 


i reSfc-i 


y ( (mi 8 ■ ■ • 8 u k -2 8 u) 8 CT* (ijj k - 2 {k) 8 cr fc _i(fe)) 


(TGS,,_i 


,, 1 , y (— 1 )V *(«1 8 • • • 8 Wfc -2 8 u) 8 CT* (wfcT^(fc) 8 cr fc _i(A:)) 

^ ~~ ^ o-GSfc-i 


(fc- 


—:rr y CT* (mi 8 • • • 8 Mfc_ 2 8 v) 8 (&) 8 <7fc_i(fc)) 

o-G©fc_- 


(fc-1) 


Ml • • • Mfc_ 2 M 8 (WfcT^(fc) <g> <J k -\(k)) 
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Finally, [©fL=i <7i] <Sfe ( u i ' • • Uk -2 8 v) can computed as: 


[®i=i9i] ek (ui---Uk-2®v) 


1 

k-1 


Y (wfe^(fc) (g) cr fc _i(/c))] 

[HeSfe/Sfc_i 


(fc-1)! 

1 

(fc^l)! 

1 

(fc^l)! 


Y •••W fe _ 2 u® (u* 2(k)%a K . I (A'))] 

[i^]e©fc/6fc-i 

Ml • • • U k -lV <g» £ (w fc _ 2 (fc) (g> (J fc _i(fc))] 

[y]eSfc/6fc_i 

Ml ' ' ' Wfc-2^ <8 =«!••• Wfc-2'l’ <8 


which is Mi • • • Uk- 2 V in the identification [A fc X (V (g> i?fc) 8 £fc] Sfc ~ 5 fc *V 8 [A fc 1 pk <8 £fc] Sfc — S k 1 V 
determined by choosing as a basis of A k ~ 1 pk the vector cJ/~A. □ 
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